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A nonlinear dispersive model equation is used to study the onset of breaking in long waves behind the
front of an undular bore. According to experiments conducted by Favre (1935) [1], weak bores have
a smooth, but oscillatory structure, with undulations appearing behind the bore front. With increasing
bore strength, the amplitude of these oscillations grows until one or several of them start breaking. The
change in type from the purely undular bore occurs at a sharply defined depth ratio which is under
review in this article. A convective breaking criterion is put forward, and numerical computations are
used to compare the predictions of this model to Favre’s wavetank experiments. It appears that the
numerical results underpredict the appearance of breaking waves, but are in good qualitative agreement
with the experiments. The results are interpreted with the aid of exact solitary-wave solutions, and it is
found that the transition from purely undular to breaking bore may be recast with the help of a breaking
criterion for solitary waves.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

In this note, we report on the application of a long-wave sys-
tem of evolution equations to the study of weak bores. In its
simplest description, a bore is a transition between two uniform
free-surface flows with different flow depths. Without loss of gen-
erality, it may be assumed that one of these flow depths is the
undisturbed water level, denoted by h0. The incident water level is
then given by h0 + a0, and we denote by α = a0/h0 the strength
of the bore. Here we consider bores propagating into previously
undisturbed water in a narrow channel of uniform depth, such as
a wavetank which is often used in laboratory experiments. This
geometric setup guarantees that the flow is not affected by bot-
tom topography, and that transverse effects are relatively weak. In
a comprehensive laboratory study [1], Favre found that, depending
on the value of α, bores propagating into undisturbed water fall
into three categories. When α is less then 0.28, the bores features
free surface oscillations downstream of the bore front. This is the
purely undular bore. When α is increased beyond 0.28, the bore
still features oscillations, but one or a few waves behind the bore
front are starting to break. For values of α > 0.75, the bore is com-
pletely turbulent. The sharply defined ratio of α = 0.28 found by
Favre is under review in this article. More specifically, it will be
shown that it is possible to formulate a breaking criterion based
on a nonlinear dispersive theory, which approximately captures
Favre’s experimental findings.
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Note first that neither a linear, nor a shallow-water approxi-
mation will be able to capture the existence of the two different
regimes of purely undular and breaking waves. In a linear the-
ory, no waves will break, while in a shallow-water approximation,
all waves will eventually break. Since the waves behind the bore
are relatively long when compared to the undisturbed depth h0,
a long-wave approximation is justified. On the other hand, since
the ratio α is also small, it may be assumed that the waves have
small amplitude when compared to h0. Thus a weakly nonlinear
long-wave equation appears to be a natural choice for the study of
a bore in the situation described above. In particular, if nonlinear
and dispersive effects are nearly balanced, the Boussinesq scaling
gives rise to a family of nonlinear dispersive system of equations
which may be used to study the wave evolution in the situation at
hand.

The Boussinesq scaling regime was introduced in [2], and differ-
ent types of Boussinesq equations have been used in the study of
fluids. For instance, certain aspects of an undular bore have been
investigated in [3]. Generally, Boussinesq models incorporate two
dependent variables: the deflection of the free surface, and the
horizontal fluid velocity given at some definite height in the fluid
column. The situation was reviewed in [4], and a family of Boussi-
nesq systems including most other previously used equations was
developed. The dispersive system to be used in the present study
is

ηt + h0uθ
x + (

ηuθ
)

x − h2
0

2

(
θ2 − 1

3

)
ηxxt = 0,

uθ
t + gηx + uθ uθ

x − h2
0

2

(
1 − θ2)uθ

xxt = 0. (1.1)
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In this system, uθ (x, t) represents the horizontal fluid velocity at a
height 0 < θh0 < h0, and η(x, t) describes the surface displacement
from the rest position. As mentioned above, h0 is the undisturbed
depth of water. Finally, g denotes the gravitational acceleration as
usual. The system (1.1) represents one of the models put forward
in [4], and has been chosen for the present study because it ap-
pears most convenient from a numerical point of view.

As will become evident in the following, the derivation of the
Boussinesq system (1.1) naturally gives rise to a simple condi-
tion which determines whether the flow features convective wave
breaking. This condition when applied to a numerical approxima-
tion of solutions of (1.1) predicts breaking of the leading wave
behind the bore front in a parameter regime similar to the obser-
vations of Favre, although the onset of breaking is underpredicted
due to the still approximate nature of the equations. When applied
to a solitary wave given in exact form, the breaking criterion yields
a critical speed for breaking waves which agrees very well with the
critical speed of the breaking bore. This confirms in some sense the
idea that a bore disintegrates into a train of solitary waves before
any wave breaking occurs. This point is widely known, and is de-
scribed for instance in [5] using the Whitham modulation theory.
Indeed, there it is found that the leading wave behind an undular
bore is always a solitary wave with an amplitude twice that of the
initial bore strength α = a0/h0.

It should also be mentioned that the breaking criterion pre-
sented here has been used in different guises in the study of
shoaling waves. In particular, extended Boussinesq equations have
been developed to cover the evolution of surface waves in the surf
zone. In such cases, turbulent dissipation has to be encoded in the
model equations in some form (see [6], for instance). As a mat-
ter of fact, there is a vast literature concerning the development
of breaking waves in a number of situations, including shoaling,
wave breaking in open bodies of water, and breaking induced by a
wavemaker. Many references may be found in the review [7] and
textbooks on the subject, such as [8]. Here, we concentrate on the
study of the very early stage of a so-called spilling breaker, and in
particular on the stage leading up to the first instance of spilling.
To be more precise, our aim is not the description of breaking
waves, but to quantify the onset of breaking. The model (1.1) is
certainly not valid after the first wave has started breaking, and
we make no claims as to its usefulness for describing the evolu-
tion of turbulent flows. It should also be emphasized that we do
not aim for a description of the overturning or plunging of a wave
which is often characterized by the first spatial derivative of the
surface excursion becoming unbounded.

It is worthwhile to examine how the dispersive properties of
the system (1.1) depend on θ . Taking the linearized version of the
system (1.1), and using functions of the form eikx−iωt , the phase
speed c = ω

k of such a linear wave appears as

ω2(k; θ)

k2
= gh0

1

[1 + 1
2 (θ2 − 1

3 )(kh0)2][1 + 1
2 (1 − θ2)(kh0)2] .

It is immediate from the formula that the dispersion relation be-
comes singular for θ2 < 1

3 . Thus, the relevant values of θ are given

by 1
3 � θ2 � 1. Closer inspection of the dispersion relation above

reveals that if θ2 = 1 or θ2 = 1
3 , the phase speed has quadratic de-

cay as k → ∞. Thus these two values resemble most closely the
dispersion relation for the full water-wave problem which is given
by

ω2(k)

k2
= gh0

tanh(kh0)

kh0
,

and features decay of order k−1 as k → ∞. On the other hand, if
the values θ2 = 1 or θ2 = 1

3 are used, one of the differential equa-

Fig. 1. The linear dispersion relation for the systems (1.1) with θ = 0.95 (dashed
line) and with θ = √

7/9 (dashed-dotted line), compared with the linear dispersion
characteristics for the full water wave problem (solid line).

tions is of hyperbolic character, and numerical studies of oscillatory
phenomena such as an undular bore become more delicate.

In Fig. 1, the phase speeds corresponding to the system (1.1)
for two different values of θ are compared to the dispersion re-
lation for the full water wave problem. It can be seen that the
curves corresponding to both values of θ eventually separate from
the solid curve representing the linear dispersion characteristic for
the full water wave problem. This is expected as Eqs. (1.1) are de-
rived under the assumptions that the values of kh0 are small. But
in Fig. 1 it is also evident that the curve for θ = 0.95 is closer
to the solid curve than the curve corresponding to the dispersion
relation of (1.1) with θ2 = 7

9 . Thus, a balance must be struck be-
tween numerical stability and accurate representation of the linear
dispersion relation. It appears that numerical approximation of the
system (1.1) with values of θ2 close to 1 is very robust, and yields
relatively accurate predictions. Similar results hold for values of θ2

close to but larger than 1
3 . Values of θ2 too close to 1 or 1

3 must
be avoided, as round-off errors may accumulate, and tip the sys-
tem into the region where one of the equations is of hyperbolic
character, or even into the singular region θ2 < 1

3 .
Before leaving the introduction, let us remark on the approx-

imations implicit in the model (1.1). While viscosity plays a role
in experiments, we choose to disregard it here, as we want to
focus closely on a particular aspect of the problem, namely on
whether it is possible with a relatively simple model system to
predict the breaking of waves behind a bore. In the steady frame-
work, viscosity may prevent the waves from breaking at all, as
was shown by numerical approximation in [9]. In the Boussinesq
system (1.1), capillary effects and shear and transverse flows are
also disregarded. While transverse effects may not be important
in laboratory studies such as [1], the directional spreading of the
two-dimensional wave field is certainly a major factor in the study
of breaking waves in more general circumstances [10,11]. Near the
onset of breaking, capillary and shear effects also become impor-
tant [7,12,13]. It is possible to derive systems of Boussinesq type
both for gravity-capillary waves, and for waves on shear flows
[14,15]. However, in breaking waves, these effects are localized
near the crest of the breaking wave, and it appears that we ob-
tain fair agreement with the experiments in [1] without including
those additional physical effects. Finally, we remark on the role of
vorticity. It appears from laboratory studies that the chief sources
of vorticity are boundary shear, and a background current [16].
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Neither of these are considered in the present work, and one may
therefore say that neglecting vorticity is justified for our purposes.

The outline of this Letter is as follows. In Section 2, the break-
ing criterion is formulated. Next, in Section 3, the system (1.1) is
used to simulate an undular bore advancing into undisturbed wa-
ter, with the aim of verifying the results of Favre [1]. In Section 4,
the breaking of solitary waves is investigated. In particular, the sys-
tem (1.1) with θ2 = 7

9 features exact solitary-wave solutions, and it
is shown that solitary-wave breaking occurs precisely at the same
wave speed as wave breaking in the bore solution.

2. Convective wave breaking in Boussinesq models

Let us first recall the derivation of the system (1.1) as a model
for surface waves. This derivation is well known, but it is included
here to set the stage for the formulation of the breaking criterion.
The system (1.1) is derived from the surface-wave problem for an
ideal fluid using a formal asymptotic expansion. Thus it is assumed
that the fluid is incompressible and inviscid. Furthermore, it is sup-
posed that the fluid-flow is irrotational and two-dimensional, and
that the free surface can be described by a single-valued func-
tion η(x, t). With these assumptions, it is customary to introduce
a velocity potential φ(x, z, t). The surface-wave problem is then
given in terms of the Laplace equation for φ, along with a set of
nonlinear boundary conditions on the free surface and the usual
boundary condition at the bottom.

Non-dimensional variables are used to make explicit the dif-
ferent dominant length scales in the horizontal and vertical direc-
tion, and thus expedite the derivation of the dispersive system of
equations. Supposing that l represents a dominant wavelength, a0
denotes a typical wave amplitude, and c0 = √

gh0 is the limiting
long-wave speed, the non-dimensional variables are defined by

lx̃ = x, h0 z̃ = z, a0η̃ = η,
l

c0
t̃ = t,

gla

c0
φ̃ = φ.

In theses non-dimensional variables, the surface-wave problem
reads,

βφ̃x̃x̃ + φ̃z̃z̃ = 0, 0 < z̃ < 1 + αη̃,

φ̃z̃ = 0, z̃ = 0,

η̃t̃ + αφ̃x̃η̃x̃ − 1

β
φ̃z̃ = 0, z̃ = 1 + αη̃,

η̃ + φ̃t̃ + 1

2
αφ̃2

x̃ + 1

2

α

β
φ̃2

z̃ = 0, z̃ = 1 + αη̃.

Further, as is customary in deriving model equations, the non-

dimensional quantities α = a0
h0

and β = h2
0

l2
are used to measure the

amplitude and wavelength of a typical wave in comparison to the
undisturbed depth of the fluid. The Boussinesq scaling regime ap-
plies when α and β are small and of the same order of magnitude,
and this assumption will be the basis for the following develop-
ment. Following the analysis given in [5], an ansatz on the form of
the velocity potential is made by assuming that φ̃ can be written
as

φ̃(x̃, z̃, t̃) =
∞∑
0

z̃n f̃n(x̃, t̃). (2.1)

Substituting this expansion into the Laplace equation and applying
the boundary condition on the bottom, yields

φ̃(x̃, z̃, t̃) =
∞∑
0

(−1)m z̃2m

(2m)!
∂2m f̃ (x̃, t̃)

∂ x̃2m
βm, (2.2)

where f̃ = f̃0 is the non-dimensional velocity potential on the
bottom. Substituting the expression (2.2) into the free surface con-
ditions one obtains the system

η̃t̃ + ṽ x̃ + α(η̃ ṽ)x̃ − 1

6
β ṽ x̃x̃x̃ =O(

αβ,β2),
ṽt̃ + η̃x̃ + α ṽ ṽ x̃ − 1

2
β ṽ x̃x̃t̃ =O(

αβ,β2). (2.3)

The velocity ṽ in (2.3) is the horizontal velocity at the bottom, and
it is given as the first term in the expansion

φ̃x̃(x̃, z̃, t̃) = ṽ(x̃, t̃) − 1

2
β z̃2 ṽ x̃x̃(x̃, t̃) +O(

β2). (2.4)

Eq. (2.4) can be used to derive systems of equations for which the
horizontal velocity is modeled at a non-dimensional depth θ rather
then on the bottom. Denoting by ũθ (x̃, t̃) = φ̃x̃(x̃, z̃, t̃)|z=θ the non-
dimensional horizontal velocity at z̃ = θ , the relation

ṽ = ũθ + 1

2
βθ2ũθ

x̃x̃ +O(
β2) (2.5)

is found when inverting (2.4). Replacing ṽ in (2.3) with the
right-hand side of Eq. (2.5) gives the non-dimensional versions of
Eqs. (1.1) after some further manipulation using higher-order terms
[4,5]. If the velocity ũθ (x̃, t̃) is known, the vertical distribution of
the horizontal velocity is found from

ũ(x̃, z̃, t̃) = φ̃x̃(x̃, z̃, t̃)

= ũθ (x̃, t̃) + 1

2
β
(
θ2 − z̃2)ũθ

x̃x̃(x̃, t̃) +O(
β2), (2.6)

which appears when substituting (2.5) for ṽ in Eq. (2.4).
It will now be explained how the derivation above can be

used to develop an effective criterion for convective wave breaking.
Convective breaking generally occurs when the horizontal veloc-
ity near the crest of a wave exceeds the propagation speed of the
wave. In the example at hand, namely the undular bore propagat-
ing into still water, the first wave is generally the largest, and it
moves approximately at the same speed as the bore front. Denot-
ing this speed by U , it will then be expedient to compare U to the
horizontal velocity u at some point in the fluid which is near the
wavecrest.

To compute the horizontal velocity u, Eq. (2.6) is used. Since
the system (1.1) is obtained by neglecting second-order terms, the
same is done in the expression (2.6). In dimensional form the
equation reads

u(x, z, t) = φx(x, z, t) ≈ uθ (x, t) + 1

2

(
(h0θ)2 − z2)uθ

xx(x, t). (2.7)

It is evident that once uθ (x, t) is known, (2.7) can be used to
approximate the horizontal velocity at any depth. This idea is illus-
trated in Fig. 2. Thus if a solution of (1.1) is available, the horizontal
velocity field can be found at any point in the fluid domain. Since
the fluid domain depends on the surface profile, the range of ap-
plicability of (2.7) is actually for 0 � z � h0 + η(x, t). In order to
approximate velocities near the surface, the value z = h0 + η(x, t)
is taken. If it is accepted that wave breaking occurs when the hor-
izontal component of the velocity at the crest of the wave exceeds
the wave velocity, the breaking criterion can be formulated as fol-
lows.

A wave solution (uθ (x, t), η(x, t)) of (1.1) propagating with velocity
U starts to break if

uθ (x, t) + 1

2

{
h2

0θ
2 − (

h0 + η(x, t)
)2}

uθ
xx(x, t) > U . (2.8)

The main ingredients needed to apply the breaking criterion (2.8)
are thus the solutions η(x, t) and uθ (x, t) of the dispersive systems
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Fig. 2. Schematic picture of the bore. The bore front propagates at a velocity U .
The dashed line and arrows indicate the vertical distribution of the horizontal ve-
locity below the maximum surface displacement. These values are computed using
Eq. (2.7).

of equations, as well as knowledge about the propagation velocity
of the wave. The latter quantity is not always known exactly, and
there have been attempts to approximate U using the phase ve-
locity of the dominant wavelength in a Fourier decomposition [6].
However, in the current context, the velocity U is known to the
same approximation as the solutions of (1.1), and the breaking cri-
terion can therefore be applied to the same accuracy. This process
is explained in the next section, where Eq. (1.1) is used to simu-
late the propagation of an undular bore, and the velocity U is the
same as the velocity of the bore front, while the solutions η(x, t)
and uθ (x, t) are provided by a numerical approximation. In Sec-
tion 4, the breaking criterion will be applied to a solution given in
exact form.

3. Numerical study of the undular bore

The development of an undular bore is simulated by numerical
approximation of solutions of (1.1). With regard to numerical dis-
cretization of (1.1), it should be mentioned that there exists work
in the direction of well-posedness of (1.1) and other systems de-
rived in [4] with various boundary conditions on finite intervals
[17,18] and even on two-dimensional domains [19]. There are also
works presenting a variety of numerical schemes useful in the dis-
cretization of (1.1). In [17], a fully discrete scheme of fourth-order
accuracy in spatial and temporal variables was presented. In [20],
a scheme for a 2-dimensional generalization of (1.1) is put for-
ward, and the semi-discrete scheme is proved to converge while
imposing homogeneous Dirichlet or Neumann boundary condi-
tions. In [19] the scheme is used in numerical computations of
two-dimensional water waves. Many of these developments are
summarized in [21]. Here, we have chosen to use a pair of straight-
forward finite-difference schemes which give very reliable results.
Since the construction of these schemes is only of tangential im-
portance to the present discussion, it has been relegated to Ap-
pendix A.

As explained in the introduction, we consider fluid of undis-
turbed depth h0 in a horizontal channel of uniform width and with
a flat bottom. On the left side, a discharge is imposed on the fluid
in the channel. In the setup described, we have far-field values of
surface deflection and velocity equal to zero on the right. To study

a bore of strength α = a0/h0 we consider a far-field value of a0 for
the surface deflection. Thus the numerical model consists of (1.1)
posed on a spatial interval [xL, xR ], with boundary conditions

η(xL, t) = a0, η(xR , t) = 0, and uθ (xR , t) = 0.

The left boundary condition for uθ can be found with help of the
shallow-water theory [5,22], and is given by

uθ (xL, t) = a0

a0 + h0

√
g

2h0

(
2h2

0 + 3a0h0 + a2
0

)
.

This value may not be entirely correct in the Boussinesq scaling
used here, but the error introduced in this way has no apprecia-
ble effect on the results found in these computations. The initial
surface disturbance is modeled by the function

η(x,0) = 1

2
a0

(
1 − tanh(κx)

)
.

The initial position of the bore front is considered to be at the
origin, and we take xL � 0, and xR � 0, so that the initial data
match the boundary conditions to machine precision. The initial
velocity distribution is assumed to be

uθ (x,0) = 1

2

a0

a0 + h0

√
g

2h0

(
2h2

0 + 3a0h0 + a2
0

)(
1 − tanh(κx)

)
.

The modeling parameter κ denotes the steepness of the initial bore
slope, but it has no discernible effect on the outcome of the com-
putations to be presented. As the discussion concerning the linear
dispersion relation in the introduction suggests, values of θ2 close
to but less than 1 or close to but larger than 1

3 are preferable.
We have run test cases for both these possible ranges. Since they
gave similar results, we only present computations for values of
θ2 near 1. After some experimentation, the value θ = 0.95 seemed
to give an optimal combination of numerical stability and physical
relevance, and all results in this section are computed with this
value of θ .

In order to determine breaking in the solutions of Eqs. (1.1), the
finite-difference scheme described in Appendix A is used to deter-
mine approximate solutions of (1.1), with initial and boundary data
as specified above. At each time step tn = n
t in the simulation,
the location xn of the leading wave-crest is found. These loca-
tions are then used to estimate the propagation speed Un of the
bore front. By using Eq. (2.7) with z = h0 + η(xn, tn), the horizon-
tal velocities un at the points of maximum surface displacement
are estimated at time tn . If the computed velocity un exceeds the
propagation speed Un , one is led to conclude from the convective
breaking criterion (2.8) that around the time tn the wave is start-
ing to break.

An illustration of the method just described is shown in Fig. 3.
The upper panels show the surface profiles at the times t = 6 s
(left) and t = 12 s (right). The initial data, which are shifted to the
right to fit into the same frame, are also indicated as dotted lines.
The locations of the maxima, given here at x = x1 and x = x2, are
then determined. At these locations, the horizontal component of
the velocity field along the dashed lines below the wave crests in
the upper panels is computed with the aid of Eq. (2.7) and dis-
played in the lower panels. As can be seen, the velocity below the
wave-crest increases towards the surface, but the values at the sur-
face (u ≈ 1.8 ms−1 and u ≈ 2.2 ms−1) are smaller than U in both
the cases depicted in Fig. 3.

Applying this method at each time step of a simulation results
in the values un and Un displayed in Fig. 4. The depth h0 = 1 m
is used in both of the plots in Fig. 4, but the values of a0 differ.
In the left plot in Fig. 4, a0 = 0.36 m, while a0 = 0.38 m in the
right plot. The significance of the difference in amplitudes is ap-
parent. In the left plot, the horizontal velocity never exceeded the
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Fig. 3. Undular bore with h0 = 0.6 m and a0 = 0.2 m. The surface profiles are shown in the upper panels. The horizontal velocities along the dashed lines below the
wavecrests in the surface profiles are shown in the lower panels. The left panels are for time t = 6 s and the right panels are for time t = 12 s. The initial surface profile is
indicated with dotted lines in the upper panels. It can be seen that u < U in both cases depicted here. If the computation is continued, the waves will eventually separate,
and a train of approximate solitary waves will emerge.

Fig. 4. Comparison of wave propagation speed and horizontal velocity. The left panel is for h0 = 1 m and a0 = 0.36 m, giving α = 0.36. This value of α does not induce any
wave breaking in the model. In the right panel, h0 = 1 m and a0 = 0.38 m, and u eventually exceeds U .

propagation speed U . In the right plot however, the curve depict-
ing un eventually catches up with and crosses the curve for Un ,
and thus indicates the onset of breaking. The two cases depicted
in Fig. 4 suggest that there must be some critical amplitude a0
on the margin of stability. Generally, this critical amplitude will be

expected to vary with the depth h0. The dependence of the criti-
cal initial amplitude a0 in h0 is displayed in Fig. 5. The computed
critical combinations are shown as dots, and the dashed line is a
least-square fit. The assumption for the least-square fit is that the
points lie on a straight line through the origin, viz. a0 = αh0. The
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Fig. 5. The critical points, for the case θ = 0.95, where the waves start breaking are
indicated by dots. The slope of the dashed line is then found by a least-square fit to
the computed critical points. In the least-square fit, it is assumed that the critical
points lie on a straight line through the origin; i.e. a0 = αh0, where the α = 0.379
in these experiments. The slope α = 0.28 found in Favre’s experiments is exhibited
in the solid line.

slope α found from the experiments reported here is α = 0.379.
This should be compared with α = 0.28 found by Favre, and indi-
cated in Fig. 5 by the solid line.

It should also be mentioned that with these values of α, the
small-amplitude assumption inherent in the Boussinesq scaling is
not strictly satisfied. A fully nonlinear system such as the Green–
Naghdi system [23,24] may yield better results. The Green–Naghdi
system [25] allows description of waves with higher amplitude,
and numerical studies of the Green–Naghdi equations with bound-
ary conditions have been presented recently in [23,24]. In [24], a
numerical scheme is developed, and applied to compare the evo-
lution of the Green–Naghdi system and the shallow-water system
in classical problems like the dam-break problem. In addition, ex-
tensions to two spatial dimensions are discussed. In [23] a split-
ting scheme is used for the Green–Naghdi equations for surface
waves over an uneven bottom, and with non-homogeneous bound-
ary conditions. In [26], an extension of the Green–Naghdi system
to allow for transitions from deep to shallow water has been de-
rived. While a study such as the present one has not been con-
ducted with the Green–Naghdi model, the Whitham modulation
theory [5] has recently been extended to the study of undular
bores in the fully nonlinear Green–Naghdi system, and the predic-
tions concerning wave breaking using the fully nonlinear system
are similar to the predictions obtained from using the KdV equa-
tion [27].

4. Breaking of solitary waves

Close examination of Fig. 5 shows that the critical points where
the first wave behind the bore front breaks lie on a straight line.
This observation appears to suggest that the wave breaking ex-
hibited in the previous section is in fact due to the breaking of
a solitary wave in the sense that it reaches its maximum ampli-
tude. In fact, the point of view commonly taken in the literature
is that in the absence of viscosity, undular bores develop into a
train of solitary waves which may or may not break depending
on the amount of available excess energy. In order to investigate
this scenario more closely, the computations reported above were
done for a similar system of equations, but this time with the
value θ2 = 7/9. This choice of horizontal velocity yields a system of
equations which possesses solitary-wave solutions known in closed

Fig. 6. The critical points where the waves start breaking for the case θ = √
7/9 are

indicated by dots. The dashed-dotted line shows a least-square fit to these com-
puted critical points. The least-square fit is made under the assumption that the
points lie on a line through the origin, and gives the slope α = 0.399. The dashed
line is the least-square fit to the computed critical points for θ = 0.95, for which
the slope was found to be α = 0.379. The solid line is given by a0 = 0.28h0, corre-
sponding to the experimental value of α.

form [28]. The breaking criterion from Section 2 may then be ap-
plied directly to the closed-form expression for the solitary wave.
If this is done, it becomes clear that the solitary waves can only be
physical solutions up to a maximal height.

First, the study presented in the last section was repeated for
the system (1.1) with the value θ = √

7/9. The curve-fit of critical
combinations of a0 and h0 gave a critical ratio α = a0/h0 ∼ 0.399
which is slightly larger than the one found in Section 3. The com-
puted critical points and the least-square fit are shown in Fig. 6.
For comparison with the results for θ = 0.95 and the experimen-
tally determined value, lines with slopes α = 0.379 and α = 0.28
are also shown in Fig. 6. The small discrepancy in the results for
different values of θ are not unexpected since the coefficients of
the differential equations to be solved are changed. However, as
Fig. 6 shows, the difference to the experimental values are of a
higher order, thus confirming in some sense that different values
of θ give answers which are equivalent in the second-order ap-
proximation. Next, the breaking criterion (2.8) is applied to the
solitary-wave solutions given in exact form. This results in the de-
termination of a critical solitary wave amplitude η0 above which
the horizontal velocity at the wave crest would exceed the phase
speed Cs of the wave. Finally, the value of the bore-front propaga-
tion speed U is found, and compared with the critical phase-speed
Cs , for cases where the values a0 and h0 are such that the ratio
a0/h0 are given by the critical value α = 0.399 stated in the last
paragraph. As will be seen, these speeds compare well, confirming
that the first undulation separates from the bore, and has nearly
developed into a solitary wave before it breaks.

The solitary-wave solution of (1.1) with θ = √
7/9, is given by

(see [28])

η(x, t) = η0 sech2(λ(x − x0 − Cst)
)
,

uθ (x, t) = u0 sech2(λ(x − x0 − Cst)
)
,

where

u0 =
√

3g

η0 + 3h0
η0, Cs = 3h0 + 2η0√

3h0(η0 + 3h0)

√
gh0,
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Fig. 7. In the left panel, the computed data points (h0, Ucrit) are shown as dots. The dashed line is the least-square fit to these points. In the right panel, the data points
(h0, Ucrit) are plotted along with the curve Ccrit = 4.25

√
h0 of the critical solitary-wave phase speed.

λ = 3

2h0

√
η0

2η0 + 3h0
. (4.1)

The crest of the wave is located at x = x0 + Cst . For these solitary-
wave solutions, the value of the horizontal component of the ve-
locity at the crest is therefore found by substituting the expres-
sions for uθ (x, t) and η(x, t) above into Eq. (2.7) and evaluating
the functions involved with a zero argument. The breaking crite-
rion (2.8) then reads

u0 + 1

2

(
7h2

0/9 − (h0 + η0)
2)(−2λ2u0

)
� Cs.

Using the expressions in (4.1) transforms the criterion into

(
1 + (λh0)

2(2/9 + 2η0/h0 + η2
0/h2

0

))√ 3

η0/h0 + 3

η0

h0

√
gh0

� 3h0 + 2η0√
3h0(η0 + 3h0)

√
gh0.

Rewriting in terms of η̂0 = η0/h0 yields

{
1 + 9

4

η̂0

2η̂0 + 3

(
2

9
+ 2η̂0 + η̂2

0

)}√
3

η̂0 + 3
η̂0

� 3 + 2η̂0√
3(η̂0 + 3)

.

Obtaining the critical value η̂0 entails finding zeros of a quartic
function of η̂. Plotting this function shows that it has a simple
zero in the interval η̂0 ∈ [0,1]. The root can then be found either
numerically or exactly. The numerical value is found to be η0 =
0.788h0. Using this relation, the critical phase speed is expressed
as a function of h0 as follows.

Ccrit = 3 + 2η0/h0√
3(η0/h0 + 3)

√
gh0 = 4.25

√
h0 = 1.36

√
gh0,

when the amplitude of the solitary wave is such that the hori-
zontal velocity at the crest exceeds the phase speed, i.e. η0/h0 =
η̂0 = 0.788. While this ratio is not small enough to fall under the
small-amplitude assumption inherent in the Boussinesq scaling, it
does compare well with McCowan’s criterion of 0.78 for the non-
dimensional critical wave height for breaking waves [29].

The focus is now on finding a relation between the depth h0
and the critical propagation speed U of the bore front at wave
breaking. This speed Ucrit is then compared to Ccrit found above
from using the breaking criterion on the solitary waves. The de-
pendence of Ucrit upon h0 is thus to be found for combinations of
a0 and h0 giving a value of α ≈ 0.399. These combinations were
seen above to give horizontal velocities which ultimately exceeded
the wave propagation speed. So for a given value of h0, we use
a0 = 0.399h0 and start a simulation with the numerical method.
After some time, as can be seen in Fig. 4, the graph of the hor-
izontal velocity crosses the graph of the bore front propagation
speed U . Using different depths h0, the corresponding values of U
at the time of crossing are plotted as dots in Fig. 7. From the points
(h0, Ucrit) shown in Fig. 7, a functional dependence of Ucrit upon
the depth h0 is determined using a least-square fit.

Using the one-parameter curve fit Ucrit = A
√

h0, a least-square
approximation yields a value of A = 4.25. The dashed line in the
left plot in Fig. 7 shows this least-square fit, Ucrit = 4.25

√
h0, along

with the data points used in the fit. To get an idea of how well the
model captures the data we use the sum of squares of residuals
between the data points and the model evaluated at these points.
With this one-parameter curve fit, this sum was found to be ap-
proximately 3 × 10−9. This small value indicates that the model
represents the data very well. The curve fit was also done with
various other functional dependencies, but most gave much larger
residuals. A two-parameter curve fit gave only marginally smaller
residuals and similar results, so that the original curve fit was
deemed sufficient for the present purpose.

In the right panel of Fig. 7, we have plotted the solitary wave
speed Ccrit = 4.25

√
h0 in addition to the computed (h0, Ucrit)-

points of critical bore velocity. As can be seen, the curve Ccrit =
4.25

√
h0 runs right through the computed points, meaning that

the critical phase speed of the solitary waves, and the critical bore
velocity agree very well.

5. Conclusion

To analyze our results, note first that even though for α in the
range from 0.2 to 0.4, the waves are starting to break, the ampli-
tude may still be considered small, i.e. a0/h0 is small. The waves
are definitely in range of long waves, as becomes evident upon
studying the aspect ratio in the top two panels in Fig. 3. This is
also very clear if laboratory experiments are examined. Thus – at
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least formally – Eqs. (1.1) are applicable to the situation. The time
of breaking is still well inside the range of applicability which is
given by short to intermediate time scales, and the breaking of the
leading wave behind the bore front may be understood in terms of
breaking solitary waves, as the analysis in Section 4 has shown.

Thus we have indeed an instance in which a small-amplitude
long-wave equation may be used to predict the onset of convec-
tive breaking of gravity waves at the fluid surface. The agreement
with the experimental results is fair but not overwhelming, es-
pecially in light of the consideration that any possible viscosity
might further delay the onset of breaking. Why our model over-
estimates the critical ratio is not clear, other than that it is only an
approximation. A further study might include the application of a
higher-order Boussinesq model, such as also derived in [4], or the
fully nonlinear Green–Naghdi system [25].
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Appendix A. Finite-difference approximation

The results in the body of the Letter were obtained with a
second-order and a fourth-order numerical scheme. Both schemes
were used for each computation, and it was found that the re-
sults always agreed. A description of a second-order finite differ-
ence approximation of the systems of Eqs. (1.1) is given here. The
fourth-order scheme is derived in an analogous way.

For the sake of clarity, the superscripts θ on the dependent
variables will be dropped in the following. The constants b and d
will denote (θ2 −1/3)/2 and (1−θ2)/2, respectively. The computa-
tions are done on the interval x ∈ [0, L], and the Dirichlet boundary
conditions at the left and right endpoints of the interval are given
as

η(xL, t) = ηL(t), η(xR , t) = ηR(t),

u(xL, t) = uL(t), u(xR , t) = uR(t).

The interval is divided into N +1 subintervals of equal length, thus
giving a uniform spatial grid with spacing 
x = L/(N + 1).

For convenience, the system to be discretized is rewritten here
in a slightly different form as(
1 − bh2

0∂
2
x

)
ηt = −∂x(h0u + uη),(

1 − dh2
0∂

2
x

)
ut = −∂x

(
gη + 1

2
u2

)
. (A.1)

The system is first discretized in the temporal variable. Let ap-
proximations of the solutions of (A.1) at time t = n
t be denoted
by ηn ≈ η(x,n
t) and un ≈ u(x,n
t). A Taylor expansion around
t = (n + 1/2)
t shows that the trapezoidal method of integration,
applied to Eqs. (A.1) yields

ηn+1 = ηn + 
t

2
A−1

b B
((

h0un + ηnun) + (
h0un+1 + ηn+1un+1)),

un+1 = un + 
t

2
A−1

d B
((

gηn + 1

2
unun

)

+
(

gηn+1 + 1

2
un+1un+1

))
,

where

A−1
b = (

1 − bh2
0∂

2
x

)−1
, A−1

d = (
1 − dh2

0∂
2
x

)−1
and

B = −∂x,

is of second-order in the time step 
t . Here, however, a second-
order, explicit Runge–Kutta method is used. This method is also
known as Heuns’ method. In Heuns’ method, the unknown terms
ηn+1 and un+1 in the right-hand sides of the trapezoidal method,
are replaced by the Euler predictions at t = (n + 1)
t

η� = ηn + 
tA−1
b B

(
h0un + ηnun),

u� = un + 
tA−1
d B

(
gηn + 1

2
unun

)
,

so that the scheme becomes

ηn+1 = ηn + 
t

2
A−1

b B
((

h0un + ηnun) + (
h0u� + η�u�

))
,

un+1 = un + 
t

2
A−1

d B
((

gηn + 1

2
unun

)
+

(
gη� + 1

2
u�u�

))
.

Taylor expansions show that this scheme is second-order accurate
in the size of the time step 
t . Rearranging the equations for the
Euler predictions gives

Ab
[(

η� − ηn)/
t
] = B

(
h0un + unηn),

Ad
[(

u� − un)/
t
] = B

(
gηn + 1

2
unun

)
.

Discretizing the operators Ab and Ad with standard second-order
central differences results in the following set of algebraic equa-
tions for the Euler predictions at the gridpoints x j = j
x, for
j = 1,2, . . . , N , as

η�
j − ηn

j


t
− bh2

0


x2

(η�
j−1 − 2η�

j + η�
j+1) − (ηn

j−1 − 2ηn
j + ηn

j+1)


t

= rηn

j ,

u�
j − un

j


t
− dh2

0


x2

(u�
j−1 − 2u�

j + u�
j+1) − (un

j−1 − 2un
j + un

j+1)


t

= run

j . (A.2)

The right-hand sides rηn

j and run

j of these two equations are
the finite-difference approximations of the right-hand sides of
Eqs. (A.1) at time t = n
t . They are found – to second-order ac-
curacy in the spacing 
x – as

rηn

j = −
(

h0
un

j+1 − un
j−1

2
x
+ un

j+1η
n
j+1 − un

j−1η
n
j−1

2
x

)
,

run

j = −
(

g
ηn

j+1 − ηn
j−1

2
x
+ 1

2

(u2
j+1)

n − (u2
j+1)

n

2
x

)
.

From Eqs. (A.2), it is seen that the discrete versions of the opera-
tors Ab and Ad are tridiagonal. Solving each of the two decoupled
systems in (A.2) requires only of the order O (N) work, which is
optimal when solving for N unknowns. Moreover, because of the
compactness of the scheme, the Dirichlet boundary conditions, ap-
pearing in (A.2) for the indices j = 1 and j = N , are easily handled.
The boundary conditions are invoked by simply updating the first
and last elements of the right-hand sides. Illustrating on the equa-
tions for η�

j in (A.2), for which the update is given as

rηn

1 → rηn

1 + bh2
0


x2

η�
0 − ηn

0


t
,

rηn

N → bηn

N + bh2
0


x2

η�
N+1 − ηn

N+1


t
.

Since the variable η�
0 and η�

N+1 are Euler predictions at time
t = (n + 1)
t , the Dirichlet boundary conditions at time tn+1 =
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Table 1
Convergence study for θ = 0.95. The spatial domain is [0, L] with L = 150. The spa-
tial grid size is given by 
x = L/2k and the time step is 
t = 
x. The errors are
found by comparison to an exact traveling-wave solution of Eqs. (1.1) with θ = 0.95,
as shown in (A.3). The first three columns correspond to the second-order Heun’s
method described in the text. The last three columns are for a fourth-order finite
difference scheme also used in the numerical experiments. The ratio between two
consecutive values of the error is shown in the third and sixth column.

2nd-order scheme 4th-order scheme

k Error Ratio k Error Ratio

11 2.11 × 10−2 11 3.98 × 10−4

12 5.21 × 10−3 4.04 12 2.56 × 10−5 15.54
13 1.30 × 10−3 4.01 13 1.62 × 10−6 15.82
14 3.24 × 10−4 4.01 14 1.02 × 10−7 15.92
15 8.10 × 10−5 4.00 15 6.38 × 10−9 15.95

(n+1)
t , ηl(tn+1) and ηr(tn+1), must be substituted in their place.
Similar updates are done for the second variable. Once the solu-
tions η�

j and u�
j at the grid points are known, the second-order

accurate approximations at the next time step are found from

ηn+1
j − ηn

j


t

− bh2
0


x2

(ηn+1
j−1 − 2ηn+1

j + ηn+1
j+1) − (ηn

j−1 − 2ηn
j + ηn

j+1)


t

= 1

2

(
rηn

j + rη�

j

)
,

un+1
j − un

j


t

− dh2
0


x2

(un+1
j−1 − 2un+1

j + un+1
j+1) − (un

j−1 − 2un
j + un

j+1)


t

= 1

2

(
run

j + ru�

j

)
,

in exactly same manner as for the Euler predictions above.
Finally a convergence study has been conducted to see if the

expected second-order convergence rate is achieved in practical
computations with the method. The errors are found by compar-
ing the numerical solutions with exact traveling wave solutions of
Eqs. (1.1) found in [28]. We use the L2-error defined by

Error =
(

L

N + 1
max

n

N∑
j=0

{∣∣ηn
j − η( j
x,n
t)

∣∣2

+ ∣∣un
j − u( j
x,n
t)

∣∣2})1/2

. (A.3)

As can be seen in the first three columns of Table 1, the error
goes down by a factor of four if the spatial gridsize and size of
the time step is halved, so the scheme exhibits second-order accu-
racy.

In Table 1 we have also tabulated the errors and correspond-
ing convergence rate of the fourth-order finite difference method.
It is evident that the error goes down by a factor of 16 when the
spatial gridsize and size of the time step is halved, so the scheme
exhibits fourth-order accuracy. Both the second-order method de-
scribed here, and the fourth-order method have been used in the
numerical experiments in the article.
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