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Abstract. In this work, noise removal in digital images is investigated. The importance
of this problem lies in the fact that removal of noise is a necessary pre-processing step
for other image processing tasks such as edge detection, image segmentation, image
compression, classi�cation problems, image registrationetc. A number of di�erent
approaches have been proposed in the literature. In this work, a non-linear PDE-based
algorithm is developed based on the ideas proposed by Lysaker, Osher and Tai [IEEE
Trans. Image Process., 13 (2004), 1345-1357] . This algorithm consists of two steps: 
ow
�eld smoothing of the normal vectors, followed by image reconstruction. We propose
a �nite-di�erence based additive operator-splitting meth od that allows for much larger
time-steps. This results in an e�cient method for noise-removal that is shown to have
good visual results. The energy is studied as an objective measure of the algorithm
performance.

Key words : Noise removal; nonlinear PDEs; additive operator splitting (AOS).

1 Introduction

In this work, removal of additive, zero-mean noise in digital images is investigated. We
use the ideas proposed in [1], based on a TV-norm approach. This results in two nonlinear
partial di�erential equations. The �rst of these equations is the smoothing of the 
ow-
�eld (normal �eld) of the original image. The second equation reconstructs a noise-reduced
image from the smoothed 
ow-�eld. This results in an e�cient method for noise-removal
that has good results.
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The contributions of this paper are as follows: a more e�cient scheme for 
ow-�eld
smoothing is developed; an additive operator splitting (AOS) method ( [2, 15, 16]) is em-
ployed to further improve the e�ciency of the 
ow-�eld smoot hing; a comparison of the
AOS method and explicit methods are done in terms of numerical performance; and lastly,
the use of the energy is suggested as an objective measure of the performance of noise-
reduction algorithms based on energy minimization.

Let d be a digital image de�ned on a two-dimensional region 
. Let ( x; y) denote
the position of a single pixel. d(x; y) is the grey-level value associated with the pixel
(x; y). The noise model is assumed to be zero-mean and additive, denoted as� (x; y). The
observed image valuesd0(x; y) are

d0(x; y) = d(x; y) + � (x; y): (1.1)

The problem is to recover the (unknown) true imaged(x; y) from the given observations
d0(x; y).

The visually annoying parts of the noise usually belong in the higher frequency regions
of the spectrum. A lot of noise can be e�ectively �ltered by a l owpass �lter. However, this
will remove the true high-frequency components of the imagesuch as edges and texture.
Isotropic �lters su�er from this problem. The challenge is t o retain as much of the true
high-frequency information as possible while reducing theperceived noise levels in the
image.

The Total Variation (TV) norm based �lters proposed in [5], h ave been shown to
be quite e�ective in removing noise without causing excessive smoothing of the edges.
The original formulation of this �lter is to obtain d(x; y) as a solution of the constrained
optimization problem

inf
d

Z



jr dj dx subject to

Z



jd � d0j2 dx = � 2; (1.2)

where � 2 represents the noise level. The resulting Euler-Lagrange PDE to be solved in
this case is

�r �

 
r d
jr dj

!

+ � (d � d0) = 0 : (1.3)

However, it is well known that the TV norm �lter has the disadv antage of a stair-case
e�ect : smooth functions get transformed into piecewise constantfunctions. This lends
an undesirable blocky e�ect to the smoothed image. In [1], it is proposed to modify the
equation (1.2). Instead of minimizing the TV norm of d, it is proposed in [1] to minimize
the TV norm of r d=jr dj, giving the following equation

inf
d

Z




�
�
�
�r

r d
jr dj

�
�
�
� dx subject to

Z



jd � d0j2 dx = � 2; (1.4)

~n = r d=jr dj is called the normal �eld of the image. The fourth-order Euler-Lagrange
equation that results from directly minimizing this functi onal is di�cult to solve numeri-
cally in a stable manner. Therefore, in [1], a re-formulation of this equation is done. The
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above equation is split into two steps. The �rst step involves the smoothing of the normal
vectors ~n0 = r d0=jr d0j. The second step involves reconstructing an image whose normal
�eld �ts the smoothed normals according to the noise variance levels� 2. It is shown in [1]
that this two-step procedure provides visual results that are superior to that of the original
TV norm smoothing scheme (1.2).

This paper is organized as follows. In Section 2, several issues on 
ow �eld smoothing
are discussed. A new model is proposed which converts the Euler-Lagrange equation to a
formulation based on angles. It will be demonstrated that this approach is more e�cient
than the use of the original formulation. A semi-implicit AO S scheme [2, 15, 16] for the
numerical solution of the problem is also presented. In Section 3, an equation for the
reconstruction of the image from the previously smoothed normal �eld is presented, along
with an AOS scheme. In Section 4, computational results are presented. The performance
of the AOS scheme is compared against that of the explicit scheme. It is also shown that
the energy is a good measure of the performance of the algorithms, and this can be used
as an objective performance measure.

2 Flow �eld smoothing

For a given imaged, the unit normal �eld ~n is given by~n = r d=jr dj. Let ~n0 = r d0=jr d0j
denote the normal 
ow-�eld of the observed noisy image d0. In numerical implementa-
tion, in areas of low gradient magnitude (jr dj << 1), a small constant is added to the
evaluation of jr dj, i.e. jr dj is replaced by

p
jr dj2 + � . The TV norm minimization to

smooth the 
ow �eld is

inf
j~nj=1

� Z



jr ~nj +

�
2

j~n � ~n0j2 dx
�

; (2.1)

where� is a constant that balances smoothing and �delity to the observed 
ow �eld. In [1],
it is suggested that� be set between 1 and 10. The value is determined by experimentation.
Setting � to 0 is equivalent to smoothing using the original TV norm model as proposed
in [5].

The unit vector constraint makes this a non-convex minimization problem. This may
be approached directly, as is done in [4], or indirectly through the use of either a projection
method or a penalty method, similar to [14]. The direct approach involves splitting the
vector ~n into two components u and v corresponding to thex and y directions of the unit
vector. Adding the unity constraint u2 + v2 = 1 and an arti�cial time variable results in
the following set of PDEs to be solved

@u
@t

= � vdiv
�

ur v � vr u
jur v � vr uj

�
+ �u [vu0 � uv0]; (2.2)

@v
@t

= udiv
�

ur v � vr u
jur v � vr uj

�
� �u [vu0 � uv0]; (2.3)
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where ~n0 = ( u0; v0). We shall use a new formulation here that is more e�cient in t erms
of the number of computations involved per iteration. This is done by transforming the
problem into polar co-ordinates. Let ~n = (cos �; sin � ). Then it can be shown [1] that
jr ~nj = jr � j. Let ~n0 = (cos � 0; sin � 0). Then

j~n � ~n0j2 = (cos � � cos� 0)2 + (sin � � sin � 0)2:

Simplifying the right-hand side gives j~n � ~n0j2 = 2(1 � cos(� � � 0)). Then (2.1) can be
re-written as

inf
�

Z



jr � j + � (1 � cos(� � � 0)) dx: (2.4)

The energy is the function

E(� ) =
Z



jr � j + � (1 � cos(� � � 0)) dx: (2.5)

The Euler-Lagrange equation corresponding to the above problem is

�r �
�

r �
jr � j

�
+ � sin(� � � 0) = 0 : (2.6)

With an arti�cial time-discretization term added, the foll owing equation is solved to
steady-state:

� t = r �
�

r �
jr � j

�
� � sin(� � � 0): (2.7)

Boundary conditions are Neumann, r � � ~� = 0, where ~� is the outward normal at the
image boundaries. Let � x

� � i;j = � (� i � 1;j � � i;j ) and � y
� � i;j = � (� i;j � 1 � � i;j ). The

numerical approximations for �rst derivatives are

� x � � x
� � n

i;j ; � y � � y
� � n

i;j : (2.8)

To compute an approximation to jr � j, central derivatives are �rst de�ned by

� x
0 � n

i;j =
1
4

�
� x

� � n
i;j + � x

� � n
i +1 ;j + � x

� � n
i;j +1 + � x

� � n
i +1 ;j +1

�
; (2.9a)

� y
0� n

i;j =
1
4

�
� y

� � n
i;j + � y

� � n
i +1 ;j + � y

� � n
i;j +1 + � y

� � n
i +1 ;j +1

�
: (2.9b)

Then jr � j is approximated by

jr � jni;j ;x = ((� x
� � n

i;j )2 + (� y
0� n

i;j )2)
1
2 ; jr � jni;j ;y = ((� y

� � n
i;j )2 + (� x

0 � n
i;j )2)

1
2 : (2.10)

An explicit numerical scheme to solve (2.7) is

� n+1
i;j � � n

i;j

� t
=

1
h

� x
+

 
� x

� � n
i;j

jr � jni;j ;x

!

+
1
h

� y
+

 
� y

� � n
i;j

jr � jni;j ;y

!

� � sin(� n
i;j � � 0

i;j ): (2.11)
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An additive spatial operator splitting (AOS) can be used for a more e�cient semi-implicit
numerical scheme. The AOS gives the semi-implicit scheme (c.f. [2,15,16])

dn+1 =
1
m

mX

l=1

[I � m�A l (d
n )]� 1dn ; (2.12)

where I is the identity matrix and A contains the coe�cients corresponding to the di�u-
sivity operator in (2.7). m is the problem dimension, in our casem = 2. This algorithm
was �rst proposed in Lu, Neittaanm•aki and Tai [15,16]. It wa s discovered independently
later in [2] and used in a di�erent context for image processing. This scheme splits the nu-
merical scheme along the axes and combines the results additively. The resulting scheme
is tri-diagonal along each axis (due to the second-order di�usion operator). Therefore,
the individual split models can be solved e�ciently and are simple to implement. Under
appropriate restrictions on the matrix A (which are satis�ed by our current model), this
semi-implicit scheme is numerically stable and satis�es a maximum principle [3]. With
AOS splitting, the semi-implicit formulation of equation ( 2.11) can be re-written as

�
n+ 1

2
i;j � � n

i;j

� t
=

1
h

� x
+

 
� x

� �
n+ 1

2
i;j

jr � jni;j ;x

!

� � sin(� n
i;j � � 0

i;j ); (2.13a)

�̂
n+ 1

2
i;j � � n

i;j

� t
=

1
h

� y
+

 
� y

� �̂
n+ 1

2
i;j

jr � jni;j ;y

!

� � sin(� n
i;j � � 0

i;j ); (2.13b)

and

� n+1
i;j =

1
2

�
�

n+ 1
2

i;j + �̂
n+ 1

2
i;j

�
: (2.14)

The above tri-diagonal equations are re-arranged and iterated using a fast Thomas algo-
rithm [9] pp. 23-25.

In [1], the Euler-Lagrange formulation of (2.1) is done by treating the two components
of ~n separately. More computations are introduced by the need tomaintain the unit
vector constraint. Comparing equation (2.7) with equations (2.2) and (2.3), shows that the
new formulation requires one iteration equation instead oftwo coupled iteration equation.
Table 1 in Section 4 con�rms the speed increase that can be achieved with the new scheme.
The 
ow-�eld results from both schemes are similar. Hence, in our image reconstruction
results, we will only present the results with the new formulation (2.7).

3 Image reconstruction

The image reconstruction step recovers an image from the smoothed normal �eld that
results from solving (2.1). The recovered imaged satis�es

r d
jr dj

= ~n and
Z



jd � ~d0j2 dx = � 2:
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Taking the dot product of both sides of the �rst equation above by ~n, and noting that ~n
is a unit vector gives r d � ~n = jr dj. Minimizing this over the whole domain leads to the
problem to be solved

inf
d

� Z



(jr dj � r d � ~n) dx

�
subject to

Z



jd � d0j2 dx = � 2; (3.1)

where� 2 is the estimated noise variance. This can be estimated usingstatistical techniques
such in [6]. If the exact noise variance cannot be computed, then an approximate value
may be used. If the input value is less than the true value, then undersmoothing will
result. A larger value will result in oversmoothing. Using Lagrange multipliers for (3.1)
gives the following functional

L (d; � ) =
Z



(jr dj � r d � ~n) dx +

�
2

� Z



jd � d0j2 � � 2 dx

�
: (3.2)

The optimality conditions for L (d; � ) are

�r �
�

r d
jr dj

� ~n
�

+ � (d � d0) = 0 in 
 ; (3.3)

and Z




�
d � d0

�

� 2

dx = 1 : (3.4)

The boundary conditions to be used are again Neumann,
�

r d
jr dj

� ~n
�

� ~� = 0 on @
 : (3.5)

In the Numerical Results section (see below), the followingportion of the Lagrange func-
tional will be used as a measure of the quality of the reconstruction

E(d) =
� Z



(jr dj � r d � ~n) dx

�
: (3.6)

From (3.3), multiplying the equation by d � d0 and then integrating over 
 gives
Z



r �

�
r d

jr dj
� ~n

�
(d � d0) dx = �

Z



(d � d0)2dx:

From (3.1) this simpli�es to
Z



r �

�
r d
jr dj

� ~n
�

(d � d0) dx = �� 2: (3.7)

By the 2-dimensional divergence theorem,
Z



r �

�
r d
jr dj

� ~n
�

(d � d0) +
�

r d
jr dj

� ~n
�

� r (d � d0) dx =
Z

@


�
r d
jr dj

� ~n
�

� ~�;
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where~� is the outward normal on the boundary @
. From (3.5), the right hand side above
is 0. Therefore, we can get the following formula for�

� = �
1
� 2

Z




�
r d
jr dj

� ~n
�

� r (d � d0) dx: (3.8)

Introducing a time variable t for (3.3) gives

dt = r �
�

r d
jr dj

� ~n
�

� � (d � d0) (3.9)

cf. [1], which is solved to steady-state. The above equations are discretized as follows:

dx � � x
� dn

i;j ; dy � � y
� dn

i;j ;

� x
0dn

i;j =
1
4

�
� x

� dn
i;j + � x

� dn
i +1 ;j + � x

� dn
i;j +1 + � x

� dn
i +1 ;j +1

�
;

� y
0dn

i;j =
1
4

�
� y

� dn
i;j + � y

� dn
i +1 ;j + � y

� dn
i;j +1 + � y

� dn
i +1 ;j +1

�
;

jr djni;j ;x = ((� x
� dn

i;j )2 + (� y
0dn

i;j )2)
1
2 ; jr djni;j ;y = ((� y

� dn
i;j )2 + (� x

0dn
i;j )2)

1
2 ;

(3.10)

and

� n = �
h
� 2

X

i;j

" 
� x

� dn
i;j

jr djni;j ;x
� ui;j

!

� � x
� (dn

i;j � d0
i;j ) +

 
� y

� dn
i;j

jr djni;j ;y
� vi;j

!

� � y
� (dn

i;j � d0
i;j )

#

:

The explicit reconstruction equation is

dn+1
i;j � dn

i;j

� t
=

1
h

� x
+

 
� x

� dn
i;j

jr djni;j ;x
� ui;j

!

+
1
h

� y
+

 
� y

� dn
i;j

jr djni;j ;y
� vi;j

!

� � n (dn
i;j � d0

i;j ): (3.11)

If the values for ui;j and vi;j are set to 0, then the iterations above correspond to the TV
norm reconstruction (1.2). As before, � t is the time step, and h is the space mesh size.
An additive operator splitting on the above equation, similar to (2.13)-(2.14) gives

d
n+ 1

2
i;j � dn

i;j

� t
=

1
h

� x
+

 
� x

� d
n+ 1

2
i;j

jr djni;j ;x

!

� � (d
n+ 1

2
i;j � d0

i;j ) �
1
h

(� x
+ ui;j + � y

+ vi;j ); (3.12a)

d̂
n+ 1

2
i;j � dn

i;j

� t
=

1
h

� y
+

 
� y

� d̂
n+ 1

2
i;j

jr djni;j ;y

!

� � (d̂
n+ 1

2
i;j � d0

i;j ) �
1
h

(� x
+ ui;j + � y

+ vi;j ); (3.12b)

and

dn+1
i;j =

1
2

�
d

n+ 1
2

i;j + d̂
n+ 1

2
i;j

�
: (3.13)
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(a) Original Image (b) Noisy Image (c) Di�erence Image

Figure 1: Brain MR image of size 167� 128 with SNR = 25.

(a) Original Unnoised
Image

(b) � = 0 :0001, 930 Iter.,
Energy 239

(c) � = 0 :001, 200 Iter.,
Energy 260

(d) � = 0 :005, 95 Iter.,
Energy 312

Figure 2: Comparison of output for di�erent stable energies.

4 Numerical results

Fig. 1 shows zero-mean noise added to a test image, a brain Magnetic Resonance (MR)
image. Table 1 shows the speed gains that are made in the 
ow-�eld smoothing by using
the new formulation (2.7) (� method) in place of the formulation (2.2) and (2.3) ((u; v)
method). For 100 iterations, the total CPU time for the ( u; v) method is more than three
times that of the � method. In addition, the ( u; v) method takes longer to converge than
the � method. We have not investigated the reason for this, but this further increases the
e�ciency gains brought about by the � method.

To test the performance of the AOS and explicit schemes for 
ow-�eld smoothing and
image reconstruction, it is proposed to use the energy functionals (2.5) and (3.6) as a
measure of the quality of the results. The energies represent the quantity that we want
to minimize in the �rst place. It is therefore natural to expe ct that a lower energy will
give a result of higher quality. Fig. 2 shows the results of processing the brain image with
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Table 1: E�ciency comparison.

Method. CPU Time
� , 100 iter. 12.919

(u; v), 100 iter. 44.2030

Table 2: Explicit scheme energies for various values of� .

Time Step � = 0 � = 2 � = 4
Eng.(11) Eng.(4) Iter. Eng.(11) Eng.(4) Iter. Eng.(11) Eng.(4) Iter.

0.001 963 963 2000 37343 9573 2000 36728 18448 2000
0.01 336 336 680 36394 8361 2000 37160 18368 2000
0.1 2120 2120 250 35427 9988 2000 37179 18383 2000
1.0 7339 7339 2000 72116 24948 2000 141521 59727 2000
2.0 35172 35172 2000 94367 51460 2000 195543 112598 2000

Table 3: AOS scheme energies for various values of� .

Time Step � = 0 � = 2 � = 4
Eng.(11) Eng.(4) Iter. Eng.(11) Eng.(4) Iter. Eng.(11) Eng.(4) Iter.

0.001 124 124 2000 41476 4724 140 51039 15128 2000
0.01 0 0 355 41647 1429 255 48792 16060 2000
0.1 0 0 65 34834 11421 285 44481 16824 280
1.0 0 0 30 30789 15950 175 81957 22370 2000
2.0 0 0 25 47753 17589 2000 133351 48281 2000

di�erent time steps for the explicit scheme (3.11) for the same input normal �eld ~n. The
time step, iterations and �nal steady-state energies are also shown below the �gures. The
iterations were terminated when the change in energy falls below 10� 1. This is usually
a reasonable criterion for termination, since the energiesare in the order of hundreds
or thousands for a typical image. It is seen that a �nal lower energy leads to a visually
superior image. Similar results are observed for our other test cases. Therefore, we suggest
that the energy can be used as an objective measure of the quality of a numerical scheme
for a particular energy minimization problem.

Now, we compare the results of 
ow-�eld smoothing of Section2 using the AOS scheme
(2.13)- (2.14) to the explicit scheme of (2.11). The comparisons are done for the brain
image of Fig. 1. As before, the iterations are terminated when the change in energy between
2 consecutive iterations falls below 10� 1. Tables 2 and 3 below show the �nal energies and
number of iterations for the two schemes at various time steps and with varying value of
� . We compare the energies (2.5) and (1.4). The reason to compare (2.5) is because this
is the problem that we are solving with the explicit and AOS schemes. However, (1.4) is
the problem that we were trying to solve in the �rst place, and so a comparison of this
energy is also warranted. The maximum number of iterations is 2000, at which point we
always terminate since the scheme would be impractical for more iterations. The explicit
scheme is unstable for time steps larger than 0:1, as can be seen from the drastic increase
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(a) Original Flow-�eld (b) Noisy Flow-�eld (c) Smoothed Flow-�eld

(d) Original Image (e) Noisy Image (f) Reconstructed Image

Figure 3: Flow-�eld smoothing results for the brain image of Fig. 1.

in energy. In all experiments, we always set the space mesh size to 1, according to common
practice. It can be seen that for smaller values of� , the AOS method is superior in terms
of lower energies reached at steady-state. For� = 4, the explicit scheme is superior for the
energies (2.5), but the AOS method converges in one instancein much fewer iterations.
In the original paper [1], it was suggested that the value of� was set to 1 or 2 generally.
With these values, we can use the AOS method for the 
ow-�eld smoothing.

To show the superior performance of the new model, in Table 4,the relative errors
are shown for smoothing with the original TV norm equation (1.2) and the new 
ow-
�eld smoothing and reconstruction model. The relative error is given by comparing the
smoothed imageds with the original, undergraded test image d, and is given bykdsk=kdk.
It is seen that the new model provides a superior reconstruction. This is in agreement
with the results given in [1].

The equations (2.7) and (3.9) are similar in their formulations, except for the presence
of the additional r� (~n) term and the fact that the �delity term parameter � is a function of
time, instead of a constant like � . Our numerical investigations reveal that the behaviour
of the AOS and explicit numerical schemes is similar for boththese equations. As the
value of the �delity term parameter ( � or � ) increases, the explicit scheme provides a
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Table 4: Relative errors for (1.2) and the new model.

Image Original TV New Model
Brain 0.041255 0.041096

Peppers 0.015316 0.014054

(a) Original Flow-�eld (b) Noisy Flow-�eld (c) Smoothed Flow-�eld

(d) Original Image (e) Noisy Image (f) Reconstructed Image

Figure 4: Flow-�eld smoothing results for the Peppers image with SNR 60.

superior result in terms of lower energy. In case of the reconstruction, the value of �
is usually of a higher value than 4. The explicit numerical scheme therefore provides a
superior result. We have also tested the result with a fully implicit scheme, and found
that this provides the lowest energy stable result with a larger time step, than either the
explicit or the AOS schemes. Therefore, we hypothesize thatthe splitting error of the
semi-implicit scheme is the cause for the poorer performance at higher absolute values of
the �delity term parameter.

Below are shown results of the processing of noisy original data. In Fig. 3, the brain
image of Fig. 1 is processed. The value of� is �xed at 2, and the AOS scheme is used
with time step 1 for the processing. This o�ers a reasonable trade-o� between smoothing
and �delity to the original data. It is seen that the smoothed normal vectors are closer
in alignment with the vectors of the original (noise-free) image, especially at the major
edges. The number of iterations was 175. The explicit schemewith time step 0:0001 is
used for the image reconstruction. The number of iterationswas 930. It is seen that the



858 D. Krishnan, P. Lin and X.-C. Tai / Commun. Comput. Phys., 1 (2006), pp. 847-858

noise has been removed to a large extent and the edges are well-preserved.
Fig. 4 shows the results of noise removal for the Peppers image with SNR 60. The

value of � was set to 2. The time steps used were the same as for the brain image, i.e. 1 for
the 
ow-�eld smoothing and 0 :0001 for the image reconstruction. The minimum energies
reached were 61701 for the smoothing and 370 for the reconstruction. The number of
iterations was 165 for the 
ow-�eld smoothing and 1055 for the reconstruction.
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