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Parameter Estimation with the Augmented
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Abstract. In this paper, we investigate the numerical identification of
the diffusion parameters in a linear parabolic problem. The identifi-
cation is formulated as a constrained minimization problem. By using
the augmented Lagrangian method, the inverse problem is reduced to
a coupled nonlinear algebraic system, which can be solved efficiently
with the preconditioned conjugate gradient method. Finally, we pres-
ent some numerical experiments to show the efficiency of the pro-
posed methods, even for identifying highly discontinuous parameters.
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1. Introduction

The purpose of this paper is to investigate some numerical methods
for identifying efficiently the unknown spatial varying coefficient ¢(x) from
the following linear parabolic problem:

(s, v) + (@(x)Vu, Vo) =(f,v), YveH(Q),1€(0,T), (1a)
u(x,0)=up(x), in Q. (1b)

Here, Q is a bounded domain in RY, d > 1, with piecewise smooth bound-
ary 9%, (-, ) denotes the inner product of L2(Q), and f(-,1)e H~ (), for
te(0,T), T <+o0, is a given source term.

In this work, we assume that we have sparse point observation of u,
i.e. measurements of u at some single points uops(x’,7), i=1,..., N, for
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t € (0, T). These measurements may contain noise; # and ¢ are obtained
from solving a regularized output-least-squares problem.

Earlier, Keung and Zou (Ref. 1) have considered parameter estimation
in (1), using an Armijo algorithm. Other studies of parameter estimation
in parabolic systems can be found in Refs. 1-4. Here, the hybrid method
of Refs. 5-9 is used, i.e. both the state variable u and the coefficient ¢
are regarded as unknown variables and the equation is considered as a
constraint. The augmented Lagrangian method is used to solve the con-
strained minimization problem. To find a saddle point for the augmented
Lagrangian functional, we have to solve a coupled nonlinear system. In
Chan and Tai (Ref. 5), the nonlinear systems were solved by the sequen-
tial linearization approach of Ref. 9. To solve the linearized equations, it
is expensive to assemble the system matrices. In this work, we use also the
linearization approach of Ref. 9, but the costs of assembling the matri-
ces in the time dependent systems are even more expensive. Thus, we pro-
pose an approach that avoids the assembling of matrices. Another benefit
of the new approach is that the meshes that we use for the state variable
u and the coefficient ¢ can be independent of each other. This makes the
algorithm flexible w.r.t. varying the dimension of the space where ¢ is
approximated, which depends typically on the information available from
measurements.

The paper is organized as follows. Section 2 presents how the numer-
ical parameter estimation problem is solved with the augmented Lagrang-
ian method. In section 3, we show how the CG method can be used to
execute the steps in the augmented Lagrangian method without assem-
bling matrices. Finally, in Section 4, we give some numerical experiments
to show the efficiency of the method.

2. Augmented Lagrangian Method

First, we present a discretization for the forward problem and then
specify the augmented Lagrangian approach in a discrete setting. The
forward problem can be discretized in different ways. The augmented
Lagrangian functional will vary for different approximations. In this paper,
we use a finite-element method for spatial approximation and an implicit
Euler scheme for the time variable. In real industrial applications, finite-
difference or finite-volume methods may be used for the spatial variables
and explicit schemes could be used for the time integration. Then, the aug-
mented Lagrangian functional has to be modified correspondingly.

2.1. Approximations for the Forward Problem. For simplicity, assume
that @ c R? is a polyhedral domain and that 7" is a regular triangulation
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of @ with simplicial elements [cf. Ciarlet (Ref. 10)]. The superscript A
denotes the diameter of the largest simplex of the triangulation. Let V), be
the standard piecewise linear finite-element space over this triangulation,
with functions vanishing on the boundary 9. This is the finite-element
space where u is defined.

To define the space for g, we let 77 be a similar triangulation of
as the one above with either simplicial or rectangular elements. Let Wy,
denote the piecewise constant finite-element space over this triangulation
and let

WH:{CIGW[LH 0 < gmin <g < gmax <00},

where gmin and gmax are given. Note that the triangulations for V, and
Wy might differ. In practical applications, the dimension for Vj, is nor-
mally required to be much higher than the dimension of Wg. In case that
T" is a refined mesh of 7%, the implementation is simpler.

For the temporal discretization, we divide the time interval (0, 7) into
M equal subintervals by using t*=nt,n=0,..., M, with t=T/M. We ini-
tialize by setting

up =1"(uo(x)) € Vi,

where 7" is the linear interpolation operator into Vj, using the nodal point
values. The discretized solution u} is then defined recursively by solving

((uz—uz—l)/r, v)+(qwz,w)=(f”,v), VveV,, )

where f" = f(x,t"). Equation (2) and the initial condition define
T
up = (ug e, u}’y) € (Vh)M+1.

In the rest of the paper, we drop the subscript A.

In the augmented Lagrangian method, we consider the equation as a
constraint. Below, we introduce the equation error [see (4)]. To minimize
the equation error, we need a proper norm to measure it. We use the fol-
lowing two inner products to produce different measures for the equation
error:

(u,v)y =, v)+7(Vu, Vv), (3a)
(u,v)y =(u, v). (3b)

The corresponding norm is || - ||%, = (-, -)y respectively. We assume that the
finite element mesh used for V), is shape regular and quasiuniform so that
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the inverse inequality for the finite-element functions is valid; see p. 124
and Eq. (3.2.28) of Ref. 10. Using the inverse inequality, in case that 7 =
O(h?), it can be proved that the two norms produced by the two inner
products are equivalent with an equivalence constant independent of &
and t for functions from Vj. In such cases, we will use the inner prod-
uct (3b). When t is large, then we need to use the inner product (3a). In
order to evaluate the corresponding norm, we have to solve a large linear
system. This can be avoided by using equivalent norms produced by mul-
tigrid or domain decomposition methods as in Ref. 11.

For g € Wy and u € (V;,)M+!, the equation error e e (V)™ is defined
so that

@, v)y=w"—u""" v +1(gVu"*,Vv)—1(f",v), YveV,. (€))]

We see that ¢” depends on g, u”,u"~'. For any given ¢ € Wy and u €
(Vi)M+1 we say that (q,u) satisfies Equation (2) if " =0, Va.

Let the operators Ay, V,, and V, be the discretized counterparts for
the Laplacian A, the divergence operator, and gradient operator V respec-
tively over the finite-element space Vj. If we use the inner product (3a),
then the equation for ¢" can be written in the following explicit form:

gou)y=I—1Ap) " —u" =V (g Vi) — ).

The operator (I —tAp)~! can be approximated by corresponding opera-
tors produced by domain decomposition or multigrid methods, analogous
to the ones in Ref. 11. If we use the inner product (3b), the equation error
is

(g, u)=u" — ul—1v,. (gVpu)y —tf".
2.2. Discretized Minimization. The following minimization problem

is solved to find the diffusion coefficient ¢ from point observations of the
state variable u:

min ZrE(u")+,BR(q), over (q,u) € Wy x (Vip)M+1, (5a)
st. e(q,u)=0 and u’=1"(uo(x)), (5b)
where

@)=Y/ () — ) (50)
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denotes the tracking part of the objective function, where
s (r') = g (67, 1)

R(gq) is a regularization functional and B is a small positive parameter that
can be determined by the mesh sizes and the noise level. In this paper, we
use

R@=lql}, or R@=IVqlp-

Note that these regularizations are both quadratic in ¢g. The term
> tE(u") should be understood as a discrete-time integration of E(u),
ie f) E@ur.

2.3. Augmented Lagrangian Method. We use an augmented Lagrang-
ian method to solve the constrained minimization problem (5). The dis-
cretized augmented Lagrangian functional L¢: Wy x (V)1 x (V)" - R
is

M M M
L(q,u, ) =Y TEW")+BR@+ D (" v+ (/2 "]} . (©6)

n=1 n=1 n=1

A denotes the Lagrange multiplier associated with the constraint e(g, u) =0
and ¢ >0 is a penalization constant. In the discrete setting, L¢ has a sad-
dle point and the saddle point is a minimizer for (5); see Refs. 6,9,12. Note
that the sums in (6) start from n=1. Thus, the initial condition comes into
L¢ only through e!.

We will use the modified Uzawa algorithm below to find the saddle
points for L¢. The linear convergence for this algorithm was proved in
Refs. 9,12.

Algorithm 2.1. Global Minimization Algorithm.

Step 1. Choose initial values for Ao € (Vi)™ ug € (V;)M*! and set
k=1.
Step 2. Find ¢; from

L(qk, ug—1, Ag—1) = min L(q, ux—1, Ag—1). (7
qeWn

Step 3. Set ul=u’ and find {uZ}fle from

LE(q, uk, Ak—1)= min ILC(QkaU»)\kfl)' ®)

ue(Vy)M+
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Step 4. Update the Lagrange multiplier by
M= Ag—1+celqk, ug).
If not converged, set k=k+1 and go to Step 2.

The objective functionals of (8) and (7) are quadratics. Hence, the
computation of the solutions amounts to solving linear (algebraic) sys-
tems of equations, respectively. Due to the tremendous size of the matri-
ces, we can only assume to have matrix-times-vector products available.
Consequently, we apply the CG method, which is well-known to oper-
ate efficiently with only matrix-times-vector products. The corresponding
algorithm is called the global minimization algorithm, since it searches for
the global minimum w.r.t. the time levels. In Section 3, we will introduce
two algorithms which compute only local minima w.r.t. the time levels. We
point out that the above notion of global minimization does not refer to
global convergence, which is convergence of the algorithm for arbitrary
initial guesses.

3. Implementation Issues with the CG Method

In this section, we study an efficient technique to solve the subprob-
lems (7) and (8). We use the notations

Ly -p=[3dL(q.u,2)/9q]- p, L, -w=[dL(q,u,))/ou]-w

to denote the Gateaux derivatives of the functional L¢(q, u, A). The nota-
tions

Ly, - (p, p)=[9°L (g, u,2)/3¢°]- (p. p),
LE, - (w, w)=[02L (g, u, 1)/0u*]- (w, w)

are used for the second-order derivatives.

The augmented Lagrangian functional L¢(g,u,A) is linear w.r.t. A.
For fixed (u, A), the functional L¢(g,u, A) is quadratic w.r.t. ¢; for fixed
(g, 1), the functional L¢(q,u,A) is quadratic w.r.t. u. Thus, there must
exist linear operators

Aw): Wy = Wy, B(q): (Vi)Y — (v
and functions

i, ) eWny, yag,r)e (V)M
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such that
L /3qg=Au)g —y1(u, ), 9L /ou=DB(q)u—y(q,)).

Due to the quadratic nature of the augmented Lagrangian functional, it is
true that

(Aw)p. p)=Ly,-(p.p), Bl@w, w)=Ly, (w,w),

for pe Wy and w e (V,)Y. In the implementations, A(u) and B(g) are
matrices depending on u and g respectively; y; and y» are vectors depend-
ing on (u, A) and (g, A) respectively. Thus, the subproblems (7) and (8) are
equivalent to solving equations of the following form:

0L /oag=Aw)g —yi(u,\)=0, for (7), 9)
0L /du=B(q)u —y>(q,2)=0, for (8). (10)

In Chan and Tai (Ref. 5), the matrices and vectors corresponding
to A, B, y1, y» are assembled at each iteration and the linear systems are
solved exactly. The cost of the assembling for time-dependent problems is
larger. Therefore, we look for ways to solve the system without the assem-
bling of matrices and vectors.

To solve the linear systems (9) and (10), we use the preconditioned
conjugate gradient (PCG) method; see e.g. Hackbusch (Ref. 13). The sys-
tems is on the form Ax = b, where A is a symmetric positive-definite
matrix, x is the unknown vector, and b is a right-hand-side vector. The
preconditioned system can be written as

BAx=Bb,

where B is a symmetric positive-definite preconditioner. Note that we do
not have to form the matrix A to implement the CG method. We need
only an algorithm to calculate the residual vector r =b— Ax and the scalar
XT Ax for a given vector x. Similarly for B, we need only an algorithm to
calculate Bx for given x.

In this work, domain decomposition methods are used as precondi-
tioners. Then, only small subproblems defined on subdomains have to be
solved.

3.1. Minimization with the CG Method. For the application of the
CG method for solving Equation (9), we have to compute the vector Ag —
y1 and the scalar pT Ap for given vectors p and g. Similarly, we have to
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calculate the vector Bu —y, and the scalar w” Bw for given vectors u and
w to solve Equation (10).
From the definition of L€, we get that

LS -p=BRy(@)-p+ Y (3" /3q) - p, A )y +c Y _(de"/3g)- p,e)v.
n n
We define
dj =3¢ /dq) - p
and use the definition of ¢" to see that
(df, v)v =1(pVu",Vv), YveV;
thus,

LS p=BRy(q)-p+ Y t(pVu", V(M" +ce").
n
Let {¢;} be the basis for W;. Then, the residual is

re) =Yy i),

J
where
Jj_gc )
ri _Lq~¢j.

Later, we let p; =[r/] denote the residual vector for Equation (9). When
solving (9), " and A" are known and we need only to compute ¢" for
each n to get p;

We use the quadratic property of L€ to see that

(Ap. ) =BRog @ (p. )+ X |

Thus, we have to calculate df for all n to get (Ap, p).
In order to use the CG method to solve (10), we define

dy =(de" /du) - w.
We have

(d¥,v), =" - W' v +1(gVw”, V), Yve V.
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The residual for Equation (10) is

LS w=rt Z(u”(xi) —ugbs(xi))w"(xi) + Z (dg’, A" —l—ce")v
=7 (") —uly (xH)w" (x)

_I_Z(wn’ ()\'n +C€n) _ (}LI’H—I +Cen+1))

n

+> T(@Vw", V" +ce™)).

n
Here, we have defined

)»M+1 :C€M+1 :w():()’

which gives us the property

M M
Z(wn _wnfl’kn _i_cen):Z(wn, (An+cen) _ ()LnJrl +cen+l)).
n=1

n=1

Let {;} be a basis for V. Let pzz[r{’”] be the residual vector for
Equation (10), which contains residuals on all the time levels for all the
nodal basis functions; i.e.,

=Ty W) — (N () + (W, A+ ce™) — (! cem )
i
+t(gVy;, V" +ce)).
The residual function for the time level n can be written as
ry (x) =Zr§’"1ﬁj(x).
J

Note that, when computing the directional derivatives d; and d,, we
have to evaluate a stiffness matrix and eventually a domain decomposition
version of (I —tAy)~!, for each time level. This is roughly the same work
as solving a parabolic equation.

For the second-order derivative, we have that

Bw,w)=1 Z(w"(xi))erCZ |43 H%/ :

n,i n
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3.2. Efficient Minimization Algorithms. The Most time-consuming
part of the minimization algorithm is the solution of (10). This is because
the dimension of Vj is larger than the dimension of Wy and because u
is a function of both space and time. In this subsection, we suggest two
alternative minimization algorithms to Algorithm 2.1.

3.2.1. Marching Minimization Algorithm. For the forward problem
(2), the solution for the time levels are computed in sequence, i.e. u"~! is
computed before u”. However, in (10) all time levels are coupled together.
Thus, we must solve a large system. In the following, we present an algo-
rithm which computes the solution sequentially for each time level. The
result is not the exact solution of (10), but it turns out to be a good
approximation.

To be more precise, let us define
F" u" N =tE@")+ " ey +(/2) "]} .
which means that
c _ n . n—1
L(qu, )= F@" u""")+BR(q).

F does depend also on A and ¢, but since we only use this notation for
solving (10), we omit ¢ and A in F(u",u"~") for notational simplicity. The
algorithm reads as follows.

Algorithm 3.1. Marching Minimization Algorithm.

Step 1. Choose initial values for Ag € (Vi)™,ug € (V)" *! and set
k=1.
Step 2. Find g from

gr=arg min L(q, ug—1, hg—1).
qeWn

Step 3. Set u,?:uo and find {uZ}r’l”:1 sequentially for n=1,2,..., M
such that

ul! =argmin F (v, u ). (11)
veV),
Step 4. Update the Lagrange multiplier by
Ak =Ag—1+ce(qk, uk).

If not converged, set k=k+1 and go to Step 2.
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When solving (11), the newest values for ¢ and A are used.
Similar as above, we define

dy =(de" /ou") - w",
which satisfies
dy,v)y =", v)+1(gVw",Vv), YveV,.
The Gateaux derivative of F(u",u" ') w.r.t. u" in the direction w” is
Fp - w'=1tEs@") w"+ (dg’, )L”)V +c(dy, ey
=1 Z(u"(xi) — " ()W (2 + (", A"+ ce)
—i—rl(qu", V(A" +ce))

and the second-order derivative is

; 2
Fungn - (", w") =1 Z(w” )’ +c la5 |5 -
i
We can solve now (11) for each time level with the CG method.

3.2.2. Gauss-Seidel Algorithm. Here, we present a block Gauss-Seidel
algorithm to approximate the solution of (10).
Algorithm 3.2. Block Gauss-Seidel Minimization Algorithm.

Step 1. Choose initial values for Ag € (Vi)™,ug € (V;,)*! and set
k=1.
Step 2. Find g from

gr=arg min L(q, ux_1, h_1).
q€WH

Step 3. Set iig=u;_; and m=1. While | 2] >e, set #% =u and find
{a" })’1"1 | sequentially for n=1,2,..., M such that

m =
ﬂiz=argg;ivr:(F<v,ﬁfn—1)+F(a"+l v). (12)

m—1°

Set m=m+1. When ||p2| <€, set ur =iiy+1.
Step 4. Update the Lagrange multiplier by

A =Ag—1+ce(qk, ur).

If not converged, set k=k+1 and go to Step 2.
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Here, we have defined

~M~+1 __
Uy, =0, Vm,

F@aM*! v)=0, Vo,

for notational simplicity. ||p2| is the L?>-norm of the residual from (10)
in the previous subsection and ¢ is a small number indicating the stop-
ping tolerance. When solving (12), then ¢; and A;_; are used. In the
experiments, we set the maximum iteration number to be 20 in the while
loop.

We use the same notations as in the previous subsection. The
Gateaux derivative of F(u”",u" ')+ Fu"t!, ") w.r.t. u" in the direction
w” is

Fu" (ul’l’ ul’l*]) . wn + Fu’l (u}’H“l’ ul‘l) . wn

=7 (" () —uly ()w" (x)
i
+(W", ce" + A +1(gVw", VI +ce)) — (w", ce" T+ A,
and the second-order derivative is

Fynn ", "1y - ", w™) 4 Fynn " 0™y - (", w'™)

=7 3" @ ]y e w5

4. Numerical Experiments

In this section, we present some 2D experiments for the proposed
algorithms. We set

Q=(0,1)x(0,1), T=0.01, wug(x)=sin(rxy)sin(mwxy),
and g piecewise constant,

qgx)=i, xeQ;, fori=1,...,4, (13)
where

Q1 =(0,1/2]x (0,1/2], $=(1/2,1)x (0,1/2],
Q3=(0,1/2]x (1/2,1), Qa=(1/2,1)x(1/2,1).
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The source function is

4
fO, = 8(x —y) —48(x —ys),

i=1

where {yi}?zl are four fixed points near the corners, ys is the center of €,
and § is the Dirac delta function.

Q is triangulated by first dividing it into squares of size & x h. Then
by the diagonal with positive slope, each square is divided into two trian-
gles to get 7". The number of time steps is M =T /At and T/ is built up
of H x H squares.

As a preconditioner for the PCG method, we have used domain
decomposition to approximate the operator (I — tA)~!. The domain
decomposition method is of the multiplicative Schwarz type with overlap-
ping grid. This is tested with and without coarse grid. The coarse grid
problem is solved exactly.

In the examples, we have plotted |lgx —¢ll;2 with increasing k value,
where ¢ is the true parameter. We run the Uzawa iterations to a desired
accuracy or iteration number and stopped it by inspection of these plots.

The initial values of ¢ and u in the CG method are the solution from
the previous iteration of the Uzawa algorithm. In the first iteration of the
Uzawa algorithm, we use the spatial linear interpolation of ugbs(xi ) as an
initial value of u. As an initial value for ¢ in the first step of the Uzawa
algorithm, we use g¢ equal to a constant. The constant that is used is the
average of the exact parameter, i.e.,

qo=f qdx /||
Q

In practical problems, sometimes one will have some estimate of the aver-
age. Our experiments have shown us that the algorithm is not sensitive to
the initial value in g. The Lagrange multiplier is initially 29 =0. The stop-
ping criterion for the CG method is that the relative L2-norm of the resid-
ual is <107, The c-value is determined experimentally.

In the following examples, we have observed convergence when either
the inner products (3a) or (3b) are used. We have seen that the CG
method converges in less iterations when (3a) is used, but since (3b)
is cheaper, this has been preferred in our examples. The constraints on
WH, Gmin <¢ <qgmax, Were never active.

Example 4.1. The three suggested algorithms are compared for

H=1/4, h=1/8, M=20, T=0.01, B=0 (no noise).
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In the center of each square element of 7%, there is one observation
point, i.e. 16 observation points for u (or N=16) and 16 parameters repre-
senting ¢. The c-values were determined experimentally to 8-10~> in Algo-
rithm 2.1,2-107> in Algorithm 3.1, and 8-107> in Algorithm 3.2.

The convergence rates of g are shown in Figure 1. Algorithm 2.1
shows the best result, while Algorithm 3.1 seems to converge slightly
slower. However, each iteration in Algorithm 3.1 is about five times faster
than the iteration in Algorithm 2.1. Algorithm 3.2 converges slowest, is
most time consuming for each iteration, and therefore is not to prefer.

From these experiments, it seems that Algorithm 3.1 is to prefer. Each
iteration is very fast and its convergence rate is almost as good as in Algo-
rithm 2.1. If we work on problems with more time steps, Algorithm 3.1
will be even faster compared to Algorithm 2.1.

10 10 20 30 40 50 60 70

Fig. 1. |lgx — qll;2 versus k. Logarithmic scale on the vertical axis. The dashed curve is
the result from Algorithm 3.2, the solid curve is the result from Algorithm 3.1, the
dash-dotted curve comes from Algorithm 2.1.
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Example 4.2. In this example, we test the algorithms when there is a
multiplicative noise added to the observations; i.e.,

Wl (D) =u"(x") +ou" (x') rand (i, n), (14)

where rand (i, n) is a vector of normally distributed numbers with expecta-
tion 0 and standard deviation 1; o =103 is referred to as the noise level.
The example is specified by

H=1/12, h=1/24, M=10, T=0.0l.

We have tested L?-norm and H'-seminorm regularizations, i.e.,
R(q):/ qux, R(q):/ V4 -Vadx,
Q Q

0

10 T T T T T
— Alg. 3.1
- - Alg.32
<= Alg.2.1
107t
10‘2 1 ! 1 ] 1
0 2 4 6 8 10 12

Fig. 2. |lgx —qll 2 versus k. Logarithmic scale on the vertical axis. The noise level is o =
1073, The dashed curve is the result from Algorithm 3.2, the solid curve is the result
from Algorithm 3.1, the dash-dotted curve comes from Algorithm 2.1.
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respectively. For the L?-norm regularization, we get the best result when
the regularization parameter is zero. But for the H'-seminorm regulari-
zation, we get an improvement when S #0. The SB-values are determined
experimentally to f=1.6-10"7 in Algorithm 2.1, $=3.5-10"7 in Algo-
rithm 3.1, and =5-10"10 in Algorithm 3.2.

The convergence rate of ¢ is shown in Figure 2. The algorithms are
stopped after 12 iterations. In Algorithm 2.1, the penalization parameter is
c=1.6-107 and it performs best; Algorithm 3.1 with ¢=107" is almost as
good, but faster; Algorithm 3.2 with ¢=2-10"7 seems to converge slowest.

Figure 3 shows the result after 12 iterations, when Algorithm 3.1 is
used (cf. the solid curve in Figure 2). The relative L> error in ¢ is

llg12 —q1l/llg]l ~0.0084.

Estimate Emor

Fig. 3. Exact and estimated ¢(x) and error after 12 iterations for noise level o =103,
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Example 4.3. In the above examples, the interfaces of the discontinu-
ities for ¢ matched the finite-element grid for ¢. Here, we show an example
where that is not the case. The example is specified by

gx)=i, xe€;, i=12]73,
where

Q=(0,1/31x(0,1), 2=(1/3,2/3]1xO,1), Q3=(2/3,1)x(0,1)
(see Figure 4) and

H=1/16, h=1/48, M=10, T=001, B=0, c¢=1.6-107.

Exact Estimate Error

YR/,

Fig. 4. Exact and estimated g(x) and error after 97 iterations.
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In this way, the H x H grid does not match the discontinuities of g (x).
The observation points are located in the upper right corner of each
square of the H x H grid or, more specifically,

xTU=DI6 = (i —1/3)H, (j —1/3)H), i, j=1,...,16.

In Figure 4, we observe that the error is relatively small compared to ¢ (x).

5. Conclusions

In this paper, we have studied the augmented Lagrangian method for

identifying the diffusion parameters ¢ from sparse point observation of u
in Equation (1). When using the Uzawa algorithm, finding u is the most
time consuming part. We have suggested three different algorithms for this
and Algorithm 3.1 seems to perform best.
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