
Digital Object Identifier (DOI) 10.1007/s002110200404
Numer. Math. (2003) 93: 755–786 Numerische

Mathematik

Rate of Convergence for some constraint
decomposition methods
for nonlinear variational inequalities

Xue-Cheng Tai

Department of Mathematics, University of Bergen, Johannes Brunsgate 12, 5007, Bergen,
Norway (e-mail: tai@mi.uib.no)

Received December 13, 2001 / Revised version received February 19, 2002 /
Published online June 17, 2002 – c©Springer-Verlag 2002

Summary. Some general subspace correction algorithms are proposed for
a convex optimization problem over a convex constraint subset. One of the
nontrivial applications of the algorithms is the solving of some obstacle
problems by multilevel domain decomposition and multigrid methods. For
domain decomposition and multigrid methods, the rate of convergence for
the algorithms for obstacle problems is of the same order as the rate of
convergence for jump coefficient linear elliptic problems. In order to analyse
the convergence rate, we need to decompose a finite element function into a
sum of functions from the subspaces and also satisfying some constraints. A
special nonlinear interpolation operator is introduced for decomposing the
functions.

Mathematics Subject Classification (1991): 65N55, 65Y05, 65J15, 65K10

1 Introduction

In this work, we extend the space decomposition and subspace correction
algorithms of [60,56] to solve convex optimization problems over a convex
constraint subset. One of the main concerns of this work is the rate of con-
vergence when multilevel domain decomposition and multigrid methods are
used to solve some obstacle problems.

From the time that multigrid and domain decomposition meth-
ods have gotten the attention of numerical mathematicians and engi-
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neers, efforts have been continuously devoted to the study of using
domain decomposition and multigrid methods for obstacle problems,
see [2,4,3,10,18,23,28,26,27,29,30,24,25,34,32,33,35,36,38,42,45,47,
58,50,51,49,48,52,54,63]. For linear elliptic partial differential equations,
it is known that the solution will be influenced globally if the boundary
value or the right hand is perturbed around a point. This justifies the need
for coarser meshes when using iterative solvers to solve the problems. How-
ever, this is not the case for obstacle type problems. A small perturbation of
the input data may only influence a small part of the solution domain due to
the appearance of the obstacles. Related to this difficulty, the algorithms in
[23,28,30] are trying to use the active set strategy to separate the obstacle
from the solving of the partial differential equations, i.e. during the iterative
procedure, the algorithms are trying to identify the active regions of the ob-
stacles and then solve a partial differential equation where the obstacle is not
active. The algorithms proposed in [2,3,24,35,38,52,58,63] are specified
for domain decomposition methods. Due to the absence of the coarse mesh
in the algorithms, the convergence of the algorithms depends on the number
of subdomains. One of the contributions of this work is the convergence rate
estimates. For the obstacle problem, it is shown that the algorithms have a
convergence rate which is of the same order as for the linear unconstrained
elliptic problems.

To be more precise, we classify the main contributions of this work into
the following few points:

– Convergence for obstacle problems for overlapping domain decompo-
sition methods without a coarse mesh has been studied in many papers.
Rate of convergence has been studied in [4,63,52]. However, all of these
convergence proofs require that the computed solutions increase or de-
crease monotonically to the true solution. Numerical evidence has shown
that linear convergence is correct even if the computed solution is not
monotonically increasing or decreasing. In this work, we show that the
overlapping domain decomposition method has a linear convergence rate
which is of the same order as for the unconstrained case if the obstacle
and the computed functions are decomposed correctly.

– Numerical experiments and convergence analysis for the two-level do-
main decomposition method, i.e. an overlapping domain decomposition
with a coarse mesh, seem still missing in the literature. The real difficulty
is the determination of the coarse mesh obstacle. It shall be shown that
the algorithm may not converge or converges as slow as the one-level
method if the obstacle and the computed solutions are not decomposed
properly. In this work, a linear convergence rate, which is essentially the
same as the rate of convergence of domain decomposition methods for
non-constrained jump coefficient linear elliptic problems [9], is obtained
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by using a proper decomposition of the obstacle and the iterative solu-
tions. The nonlinear interpolation operator I�

H defined in Sect. 4 plays
an important role in the decomposition. Moreover, our algorithms are
different from the literature ones.

– Multigrid method has been intensively studied for obstacle problems.
Convergence has been studied in [10,23,28,26,30,34,42] without ana-
lyzing the rate of convergence. Asymptotic linear convergence rate esti-
mates for multigrid methods can be found in Kornhuber [32,33] which
can be regarded as the pioneering work for multigrid convergence rate
analysis for obstacle type of problems. We propose some different al-
gorithms for multigrid method. A linear convergence rate is proved for
the proposed algorithms. Moreover, the convergence estimates are valid
right from the first iteration. We do not need to assume that the obsta-
cle problem is nondegenerate ( c.f. [41, p.84], [32, p.173]) and also do
not need to assume that the contact region between the obstacle and the
true solution has been identified, see [32, p.173, Lemma 2.2], [33]. The
convergence rate is valid for all kind of obstacles from H1(Ω).

– In applications to domain decomposition and multigrid methods, the
method we use to get the obstacle functions for the subproblems is really
different from the methods given in the afore mentioned references. We
propose to decompose the global obstacle function. In order to get a
linear convergence, the initial function must be decomposed properly. In
the literature, the global obstacle is often used for the subproblems.

Even though our main concern is the obstacle problem, our algorithms are
presented in a general setting for general space decompositions. The general
algorithms as well as the assumptions are given in Sect. 2. The convergence
analysis for the general algorithms under the given assumptions are stated
in Sect. 3. In Sect. 4, a nonlinear interpolation operator is introduced. The
nonlinear operator has the needed approximation properties and also satisfies
some special pointwise monotonicity properties, for example, it preserves
positive functions. This operator is very important in the analysis of the
convergence rate for the proposed algorithms and is also needed in the
implementation of the algorithms. The convergence rate depends essentially
on two constants, i.e. C1 and C2, see (7) and (8). Following [60,56], we
show in Sect. 5 that domain decomposition and multigrid methods can be
interpreted as space decomposition techniques and can be used for solving
the obstacle problems. The constants C1 and C2 are estimated using some
technical estimates of Bramble and Xu [9]. For domain decomposition and
multigrid methods, the rate of convergence for the proposed algorithms
for the obstacle problems is essentially of the same order as the rate of
convergence for non-constrained jump coefficient linear elliptic problems,
see [9].
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2 The optimization problem and the algorithms

2.1 The optimization problem

Given a reflexive Banach space V and a convex functional F : V �→ R, we
shall consider the following nonlinear optimization problem

min
v∈K

F (v), K ⊂ V .(1)

The nonempty convex subsetK is assumed to be closed in the strong topol-
ogy of V . We are interested in the case that the space V and the convex set
K can be decomposed as:

V =
m∑

i=1

Vi, K =
m∑

i=1

Ki, Ki ⊂ Vi .(2)

The above decompositions should be understood in the sense as stated in
[56,54]. The convex sets Ki are assumed to be closed in Vi in the strong
topology of V .

We assume that the functional F is Gâteaux differentiable (see [11]) and
that there exists a constant κ > 0 such that

〈F ′(w) − F ′(v), w − v〉 ≥ κ‖w − v‖2
V , ∀w, v ∈ V .(3)

Here 〈·, ·〉 is the duality pairing betweenV and its dual spaceV ′, i.e. the value
of a linear function at an element of V . Under the assumption (3), problem
(1) has a unique solution, see [16, p. 35]. For some nonlinear problems, the
constant κ may depend on v and w.

The general theory developed for (1) will be applied to the following
obstacle problem in connection with finite element approximations:

Find u ∈ K, such that a(u, v − u) ≥ f(v − u), ∀v ∈ K,(4)

with

a(v, w) =
∫

Ω
∇v · ∇w dx, K = {v ∈ H1

0 (Ω)| v(x) ≥ ψ(x) a.e. in Ω}.
(5)
It is well known that the above problem is equivalent to the following min-
imization problem

min
v∈K

F (v), F (v) =
1
2
a(v, v) − f(v),(6)

assuming that f(v) is a linear functional on H1
0 (Ω). For simplicity, the

domain Ω ⊂ Rd is assumed to be bounded and is a polygonal (d=2) or
polyhedral (d=3) domain.
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For the obstacle problem (4), the minimization space V = H1
0 (Ω).

Correspondingly, we have κ = 1 for assumption (3).
For simplicity, ‖ · ‖ shall be used for the norm of V . Standard notations

for Sobolev spacesHk(Ω) andW k,p(Ω) will be used, i.e. ‖ · ‖k,p,D denotes
the W k,p-norm on a domain D, and ‖ · ‖k,D denotes the Hk-norm on a
domain D. The semi-norms are denoted by | · |k,D and | · |k,p,D. In the case
D = Ω, we will omitD. The generic positive constant C, which may differ
from context to context, will be used to denote a constant that is independent
of the variables appearing in the inequalities or equalities and the size of the
finite element meshes.

Obstacle problems arise from many important applications. For some
concrete examples, we refer to Baiocchi and Capelocite [5], Cottle et al.
[13], Duvaut and Lions [15], Elliot and Ockendon [17], Glowinski [21],
Glowinski et al. [22], Kinderlehrer and Stampaccia [31], Kornhuber [34],
and Rodrigues [44]. See also [1,20,37,46] for some recent research on
general iterative methods for nonlinear complementary problems.

2.2 Conditions for the convergence of the algorithms

We need to impose some conditions on the decomposed subspaces and sub-
sets to guarantee that the proposed algorithms have a uniform linear con-
vergence rate. First, we assume that there exits a constant C1 > 0 and some
operators Ri : K �→ Ki, i = 1, 2, · · ·m, which are generally nonlinear
operators, such that the following relations are correct for all u, v ∈ K

u =
m∑

i=1

Riu , v =
m∑

i=1

Riv,

and

(
m∑

i=1

‖Riu−Riv‖2

) 1
2

≤ C1‖u− v‖.(7)

In addition to the assumption of the existence of such a constantC1, we also
need to assume that there is a C2 > 0 such that

m∑
i=1

m∑
j=1

∣∣〈F ′(wij + v̂i) − F ′(wij), ṽj〉
∣∣

≤ C2

( m∑
i=1

‖v̂i‖2
) 1

2
( m∑

j=1

‖ṽj‖2
) 1

2

,(8)

∀ wij ∈ V,∀v̂i ∈ Vi and ∀ṽj ∈ Vj .

We shall use the constantsC1 andC2 to estimate the rate of convergence
for the proposed algorithms. For some nonlinear problems, the constants
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κ,C1 and C2 may depend on u, v, w,wij , v̂i, ṽj . The algorithms we shall
propose later are energy decreasing and the iterative solutions are always
inside a bounded set under the conditions that F is coercive. Thus, just
assuming that κ,C1 and C2 are uniform bounded on a given bounded set,
our analysis for the convergence rate is still valid, see Remark 2.1 of [56].

2.3 The algorithms

The following algorithms for general space decompositions can be regarded
as a generalization of the Jacobi and Gauss-Seidel methods, see [7,56,60].
For algorithm 2, all the subproblems shall be computed sequentially. For
algorithm 1, all the subproblems are computed in parallel. In applications to
domain decomposition methods for linear elliptic partial differential equa-
tions without constraints, Algorithm 1 is in fact the additive Schwarz method
and Algorithm 2 is the multiplicative Schwarz method. In applications to
multigrid methods for linear elliptic partial differential equations without
constraints, Algorithm 1 is essentially similar to the ideas used in the BPX
preconditioner [8] and Algorithm 2 reduces to sequential multigrid methods.
Algorithm 1 is sometimes called the additive or parallel space decomposition
method and Algorithm 2 is sometimes called the multiplicative or successive
space decomposition method (c.f. [53]).

For a given approximate solution u ∈ K, we shall find a better solution
w using the following two algorithms.

Algorithm 1

1. Assume the approximate solution u is given. Choose a relaxation pa-
rameter α ∈ (0, 1/m].

2. Find ŵi ∈ Ki in parallel for i = 1, 2, · · · ,m such that

F


 m∑

j=1,j �=i

Rju+ ŵi


 ≤ F


 m∑

j=1,j �=i

Rju+ vi


 , ∀vi ∈ Ki ,(9)

3. Set

wi = (1 − α)Riu+ αŵi and w = (1 − α)u+ α

m∑
i=1

ŵi .(10)

Algorithm 2

1. Assume the approximate solution u is given. Choose a relaxation pa-
rameter α ∈ (0, 1].

2. Find ŵi ∈ Ki sequentially for i = 1, 2, · · · ,m such that
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F


∑

j<i

wj + ŵi +
∑
j>i

Rju


 ≤ F


∑

j<i

wj + vi +
∑
j>i

Rju


 ,

∀vi ∈ Ki .(11)

and set
wi = (1 − α)Riu+ αŵi.

3. Define

w = (1 − α)u+ α

m∑
i=1

ŵi .(12)

In implementations, it may not be necessary to compute and store the
values of ŵi and wi. It is possible to define other auxiliary functions and to
compute and store these auxiliary functions could make the implementation
simpler. For Algorithm 1, under-relaxation (i.e. α ≤ 1) must be introduced
in order to guarantee the convergence. Even for the unconstrained case (i.e.
K = V ), the algorithm can diverge when α > 1, see Remark 4.1. of [51,
p.146]. For Algorithm 2, over-relaxation (i.e. α > 1) may accelerate the
convergence, but it is hard to do the analysis. In this work, the convergence
of Algorithm 2 is only analyzed for the case that α ≤ 1. An analysis for
some problems with K = V and α > 1 can be found in Frommer and
Renaut [19].

3 Convergence analysis for the algorithms

Using similar definitions as in [56], we shall use the following notations
in the proofs. u∗ will always be used to denote the unique solution of (1),
which satisfies [16]

〈F ′(u∗), v − u∗〉 ≥ 0, ∀v ∈ K.(13)

In addition, we define

ei := ŵi −Riu, ŵ :=
m∑

i=1

ŵi = u+
m∑

i=1

ei.(14)

The convergence of Algorithms 1 and 2 is given in the following theorem.

Theorem 1 Assuming that the space decomposition satisfies (7), (8) and
that the functional F satisfies (3). Then for Algorithms 1 and 2, we have

F (w) − F (u∗)
F (u) − F (u∗)

≤
(

1 − α

(
√

1 + C∗ +
√
C∗)2

)
,(15)
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with

C∗ =
(
C2 +

[C1C2]2

2κ

)
2
κ
.(16)

Proof. Define

w
i
m =

m∑
j=1,j �=i

Rju+ ŵi, i = 1, 2 · · · ,m.(17)

From (10) and (14), we see that w
i
m = u+ ei and

w = u+ α

m∑
i=1

(ŵi −Riu) = (1 − αm)u+ α

m∑
i=1

w
i
m .(18)

Using the notations of (14) and the fact that F is differentiable and convex,
it is known (see Ekeland and Temam [16]) that (9) is equivalent to

〈F ′(u+ ei), vi − ŵi〉 ≥ 0, ∀vi ∈ Ki.(19)

Under the assumption of (3), it is known that (See Tai and Epsedal [53,
Lemma 3.2])

F (v1)−F (v2) ≥ 〈F ′(v2), v1−v2〉+
κ

2
‖v1−v2‖2 , ∀v1, v2 ∈ V .(20)

From (19), (18), the convexity ofF and (3), and applying similar techniques
as in [53, p.1563], it can be proved that

F (u) − F (w)

≥ F (u) −
m∑

i=1

αF (u+ ei) − (1 − αm)F (u)(21)

=
m∑

i=1

α

(
F (u) − F (u+ ei)

)

≥ −
m∑

i=1

α〈F ′(u+ ei), ei〉 +
κ

2

m∑
i=1

α‖ei‖2

≥ κ

2

m∑
i=1

α‖ei‖2 .

For simplicity of notations, we introduce for a given i

φj =



u+

j+i−1∑
k=i

ek , ∀j ∈ [1,m− i+ 1] ;

u+
m∑

k=i

ek +
j−m+i−1∑

k=1

ek , ∀j ∈ [m− i+ 2,m] .

(22)
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It is clear that φj depends on i. Moreover, we see that

φ1 = u+ ei,

φ2 = u+ ei + ei+1,

· · ·

φm = u+
m∑

k=1

ek.

It is easy to see that

F ′
(
u+

m∑
j=1

ej

)
− F ′(u+ ei) =

m∑
j=2

(
F ′(φj) − F ′(φj−1)

)
.(23)

From assumption (7), we know that

u∗ =
m∑

i=1

Riu
∗,

( m∑
i=1

‖Riu−Riu
∗‖2

) 1
2

≤ C1‖u− u∗‖.(24)

We shall use (8), (10), (19), (23) and (24) to estimate

〈F ′(ŵ), ŵ − u∗〉 =
m∑

i=1

〈
F ′(ŵ), ŵi −Riu

∗
〉

≤
m∑

i=1

〈
F ′(ŵ) − F ′(u+ ei), ŵi −Riu

∗
〉

(using (19))

=
m∑

i=1

m∑
j=2

〈
F ′(φj) − F ′(φj−1), ŵi −Riu

∗
〉

(using (23))

≤ C2

( m∑
j=1

‖ej‖2
) 1

2
( m∑

i=1

‖ŵi −Riu
∗‖2

) 1
2

(using (8))(25)

≤ C2

(
m∑

i=1

‖ei‖2

) 1
2 (( m∑

i=1

‖ei‖2
) 1

2

+ C1‖u− u∗‖
)

(using (14) and (24))

= C2

m∑
i=1

‖ei‖2 + C1C2

( m∑
i=1

‖ei‖2
) 1

2

‖u− u∗‖.

From (3) and (20), it is easy to see that

κ

2
‖u− u∗‖2 ≤ F (u) − F (u∗), F (ŵ) − F (u∗) ≤ 〈F ′(ŵ), ŵ − u∗〉.
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Let µ ∈ (0, 1) be a constant to be determined later. We get from the above
inequalities, (21), (25) and the inequality ab ≤ a2

4µ + µb2 that

F (ŵ) − F (u∗) ≤ 〈F ′(ŵ), ŵ − u∗〉

≤ C2

m∑
i=1

‖ei‖2 + C1C2

( m∑
i=1

‖ei‖2
) 1

2

‖u− u∗‖.

≤ 2C2

ακ
[F (u) − F (w)]

+C1C2

√
2
ακ

[F (u) − F (w)]
1
2

√
2
κ

[F (u) − F (u∗)]
1
2

≤
(
C2 +

[C1C2]2

2κµ

)
2
ακ

[F (u) − F (w)] + µ[F (u) − F (u∗)](26)

≤
(
C2 +

[C1C2]2

2κ

)
2

ακµ
[F (u) − F (w)] + µ[F (u) − F (u∗)].

From the definition ofC∗ in (16), we get from the convexity of F , (10), (21)
and (26) that

F (w) − F (u∗) ≤ (1 − α)F (u) + αF (ŵ) − F (u∗)
= (1 − α)(F (u) − F (u∗)) + α(F (ŵ) − F (u∗))
≤ (1 − α)(F (u)−F (u∗))+C∗µ−1(F (u)−F (w))+αµ(F (u) − F (u∗))
= (1 − α+ C∗µ−1 + αµ)(F (u) − F (u∗)) − C∗µ−1(F (w) − F (u∗)),

and thus

F (w) − F (u∗)
F (u) − F (u∗)

≤ 1 + C∗µ−1 − α+ αµ

1 + C∗µ−1 = 1−αµ(1 − µ)
µ+ C∗ ∀µ ∈ (0, 1).

For a givenC∗, the function g(µ) = µ(1−µ)
µ+C∗ has a unique maximizer in [0, 1]

and the maximizer is µ∗ =
√

(C∗)2 + C∗ − C∗ ∈ (0, 1). Moreover,

g(µ∗) =
1

(
√
C∗ + 1 +

√
C∗)2

.

This proves the theorem for Algorithm 1. We are only interested in the case
that C1C2 = O(1) or C1C2 
 1. In case that C1C2 = o(1), the proof can
be refined to show that the convergence rate is also of order o(1), i.e. the
convergence rate goes to zero when C1C2 goes to zero.

To prove the convergence rate for Algorithm 2, define

w
i
m =

∑
j≤i

wj +
∑
j>i

Rju, ŵ
i
m =

∑
j<i

wj + ŵi +
∑
j>i

Rju.(27)
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We see that

w0 = u, w
m
m = w, w

i
m = (1 − α)w

i−1
m + αŵ

i
m ,(28)

w
i
m = u+ α

∑
j≤i

ej , ŵ
i
m = u+ α

∑
j<i

ej + ei,(29)

F (u) − F (w) =
m∑

i=1

[
F (w(i−1)/m) − F (wi/m)

]
.(30)

Since ŵ
i
m is the minimizer of (11), it satisfies

〈F ′(ŵ
i
m ), vi − ŵi〉 ≥ 0, ∀vi ∈ Ki.(31)

Using (20), (28), (31) and the convexity of F to get

F (w(i−1)/m)−F (wi/m) ≥ α
(
F (w(i−1)/m) − F (ŵi/m)

)
≥ ακ

2
‖ei‖2 .

(32)
Thus, estimates (30) and (32) together lead to

F (u) − F (w) ≥ κ

2

m∑
i=1

α‖ei‖2 and so F (u) ≥ F (w).

Similar as in (22), we can introduce functions φj for a given i as

φj =




u+ α

i−j∑
k=1

ek +
i∑

k=i−j+1

ek, j ≤ i;

u+
j∑

k=1

ek, j > i.

It can be seen that φj satisfies

φj − φj−1 = (1 − α)ei−j+1, j ≤ i;
φj − φj−1 = ej , j > i;

F ′(ŵ) − F ′(ŵi/m) =
m∑

j=2

(
F ′(φj) − F ′(φj−1)

)
.

We use (7), (8), (24), (31), the above equalities and the fact that0 ≤ 1−α < 1
to get

〈F ′(ŵ), ŵ − u∗〉

≤
m∑

i=1

〈
F ′(ŵ) − F ′(ŵi/m), ŵi −Riu

∗
〉



766 X.-C. Tai

=
m∑

i=1

m∑
j=2

〈
F ′(φj) − F ′(φj−1), ŵi −Riu

∗〉(33)

≤ C2

( m∑
j=1

‖ej‖2
) 1

2
( m∑

i=1

‖ŵi −Riu
∗‖2

) 1
2

The rest of the proof is the same as for Algorithm 1. ��

4 Finite element spaces and some constrained interpolation operators

In this section, we shall propose some interpolation operators subject to
some constraints. These operators are not only needed in our analysis for
the algorithms, but also needed in the implementation of the algorithms.
We use essentially these operators to decompose the constraint sets and
functions satisfying assumption (7).

Let Th be a quasi-uniform triangulation of the domainΩ with a mesh size
h and Sh ⊂ H1

0 (Ω) be the corresponding piecewise linear finite element
space on Th [12]. In the analysis, we need to use finite element spaces
with different mesh sizes. It will be assumed that h is always the smallest
mesh size. For an H > h, we consider the case that Th is a refinement of
TH . Operator IH : C(Ω̄) �→ SH will always be used to denote the nodal
Lagrangian interpolation into SH for any H ≥ h. For any v ∈ Sh, the
following estimates are known from Bramble and Xu [9, Lemma 2.3] and
also Xu and Zou [61, §4].

‖v‖0,∞ ≤




‖v‖1, if d = 1;
|log h|

1
2 ‖v‖1, if d = 2;

h− 1
2 ‖v‖1, if d = 3;

(34)

In the following, the definition of a nonlinear interpolation operator I�
H :

Sh �→ SH will be given. Denote by NH =
{
xi

0
}n0

i=1 all the interior nodes for
TH . For a given xi

0, let ωi be the union of the mesh elements of TH having
xi

0 as one of its vertices, i.e.

ωi := ∪{τ ∈ TH , x
i
0 ∈ τ̄}.

Let
{
φi

0
}n0

i=1 be the associated nodal basis functions satisfyingφi
0(x

k
0) = δik,

φi
0 ≥ 0, ∀i and

∑
i φ

i
0(x) = 1. It is clear that ωi is the support of φi

0. Given
a nodal point xi

0 ∈ NH and a v ∈ Sh, let

Iiv = min
ωi

v(x)(35)
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The interpolated function is then defined as

I�
Hv :=

∑
xi
0∈NH

(Iiv)φi
0(x).

From the definition, it is easy to see that

I�
Hv ≤ v, ∀v ∈ Sh,(36)

I�
Hv ≥ 0, ∀v ≥ 0, v ∈ Sh.(37)

Moreover, the interpolation for a given v ∈ Sh on a finer mesh is always
bigger than the corresponding interpolation on a coarser mesh due to the
fact that each coarser mesh element contains several finer mesh elements,
i.e.

I�
h1
v ≤ I�

h2
v, ∀h1 ≥ h2 ≥ h, ∀v ∈ Sh.(38)

In addition, the interpolation operator also has the following approximation
properties.

Theorem 2 For any u, v ∈ Sh, it is true that

‖I�
Hu− I�

Hv − (u− v)‖0 ≤ cdH|u− v|1,(39)

‖I�
Hv − v‖0 ≤ cdH|v|1,(40)

|I�
Hu− I�

Hv|1 ≤ cd|u− v|1,(41)

where cd = C ifd = 1; cd = C

(
1 +

∣∣log H
h

∣∣ 12) ifd = 2 and cd = C
(

H
h

) 1
2

if d = 3.

Proof. For simplicity, the proof will only be done for two-dimensional
problems. We use a linear transformation to transform eachωi into a polygon
ω̂i of sizeO(1). Assume thatu, v are transformed into û, v̂, we use the scaling
argument to get

‖u− v − (Iiu− Iiv)‖0,ωi ≤ CH‖û− v̂ − (min
ω̂i

û− min
ω̂i

v̂)‖0,ω̂i

≤ CH‖û− v̂‖0,ω̂i
+ CH‖ min

ω̂i

û− min
ω̂i

v̂‖0,∞,ω̂i

≤ CH‖û− v̂‖0,ω̂i
+ CH‖û− v̂‖0,∞,ω̂i

≤ cdH‖û− v̂‖1,ω̂i

In the above, we have used the fact that

| min
ω̂i

û− min
ω̂i

v̂| ≤ ‖û− v̂‖0,∞,ω̂i
.
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For any c ∈ R, note that Ii(u+c) = Iiu+c. Adding two arbitrary constants
to u and v respectively, we get from the above estimate and the Bramble-
Hilbert lemma that

‖u − v − (Iiu− Iiv)‖0,ωi ≤ cdH inf
c∈R

‖û− v̂ − c‖1,ω̂i

≤ cdH|û− v̂|1,ω̂i
≤ cdH|u− v|1,ωi .

For a τ ∈ TH and τ ⊂ ωi, let |τ | be the measure of τ and

aτ =
1
|τ |

∫
τ
(u− v)dx.

The Poincaré-Friedrich’s inequality gives

‖u− v − aτ‖0,τ ≤ CH|u− v|1,τ .

From the definition of I�
H , it is true that

I�
Hu− I�

Hv =
∑

xi
0∈NH

(Iiu− Iiv)φi
0(x).

On τ , there are only three nonzero terms in the above summation. As∑
i φ

i
0(x) = 1, the following estimate is correct.

‖I�
Hu− I�

Hv − aτ‖0,τ ≤
∑

i

‖Iiu− Iiv − aτ‖0,τ

≤
∑

i

‖Iiu− Iiv − (u− v)‖0,τ + 3‖u− v − aτ‖0,τ

≤ cdH
∑

i

|u− v|1,ωi .(42)

As a consequence

‖I�
Hu − I�

Hv − (u− v)‖0,τ ≤ ‖I�
h u− I�

Hv − aτ‖0,τ

+ ‖aτ − (u− v)‖0,τ ≤ cdH
∑

i

|u− v|1,ωi ,

and estimate (39) follows under the minimum angle condition for the coarse
mesh elements. To prove (40), we just need to set u = 0 in (39). In order to
get estimate (41), note that

|I�
Hu− I�

Hv|1,τ ≤ C
∑

i

|Iiu− Iiv| · |φi
0(x)|1,τ

≤ C
∑

i

‖û− v̂‖0,∞,ω̂i
≤ cd

∑
i

‖û− v̂‖1,ω̂i
.
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Replacing u by u+ c for any c ∈ R, we get from the above estimate that

|I�
Hu− I�

Hv|1,τ ≤ cd inf
c∈R

∑
i

‖û− v̂ + c‖1,ω̂i
≤ cd

∑
i

|û− v̂|1,ω̂i

≤ cd
∑

i

|u− v|1,ωi .

This proves (41) under the minimum angle condition for the coarse mesh
elements. ��

From theorem 2, it is easy to see that the following is correct.

Theorem 3 There exists an interpolation operator I⊕
H : Sh �→ SH such

that

I⊕
Hv ≥ v, ∀v ∈ Sh,

I⊕
Hv ≤ 0,∀v ≤ 0, v ∈ Sh,

‖I⊕
Hu− I⊕

Hv − (u− v)‖0 ≤ cdH|u− v|1,
‖I⊕

Hv − v‖0 ≤ cdH|v|1, |I⊕
Hu− I⊕

Hv|1 ≤ cd|u− v|1,∀v ∈ Sh.

Proof. Replace the definition of Iiv given in (35) by the following

Iiv = max
ω̄i

v(x).

The rest of the proof uses the same argument as in Theorem 2. ��

5 Space decompositions for H1
0(Ω) and K

In this subsection, we show that the overlapping domain decomposition
methods and the multigrid methods can be used to decompose a finite ele-
ment space and the constraint set K for the obstacle problem (4).

5.1 Overlapping domain decomposition methods

Let TH be a shape regular quasi-uniform finite element division, or a coarse
mesh, ofΩ, with mesh sizeH . Further more, assume that {Ωi}M

i=1 is a non-
overlapping decomposition of Ω where each Ωi has a diameter of order H
and is the union of several coarse mesh elements. We further refine TH to get
a fine mesh partition Th with mesh size h. We assume that Th forms a shape
regular quasi-uniform finite element subdivision of Ω, see Ciarlet [12]. We
call this the fine mesh or the h-level subdivision of Ω. We denote SH ⊂
W 1,∞

0 (Ω) and Sh ⊂ W 1,∞
0 (Ω) be the continuous, piecewise linear finite
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element spaces over theH-level and h-level subdivisions ofΩ respectively.
More specifically,

SH =
{
v ∈ W 1,∞

0 (Ω)| v|τ ∈ P1(τ),∀τ ∈ TH

}
,

Sh =
{
v ∈ W 1,∞

0 (Ω)| v|τ ∈ P1(τ),∀τ ∈ Th

}
.

For eachΩi, we consider an enlarged subdomainΩδ
i consisting of elements

τ ∈ Th with distance(τ,Ωi) ≤ δ. The union ofΩδ
i covers Ω̄ with overlaps

of size δ. Let us denote the piecewise linear finite element spaces with zero
traces on the boundaries ∂Ωδ

i as Sh(Ωδ
i ). Then one can show that

Sh =
M∑
i=1

Sh(Ωδ
i ) and Sh = SH +

M∑
i=1

Sh(Ωδ
i ) .(43)

For the overlapping subdomains, assume that there exist m colors such that
each subdomainΩδ

i can be marked with one color, and the subdomains with
the same color will not intersect with each other. For suitable overlaps, one
can always choose m = 2 if d = 1;m ≤ 4 if d = 2;m ≤ 8 if d = 3. Let
Ω′

i be the union of the subdomains with the ith color, and

Vi = {v ∈ Sh| v(x) = 0, x �∈ Ω′
i}, i = 1, 2, · · · ,m.

By denoting subspaces V0 = SH , V = Sh, we find that decomposition (43)
means

a). V =
m∑

i=1

Vi and b). V = V0 +
m∑

i=1

Vi.(44)

Note that the summation index is now from 0 to m instead of from 1 to m
when the coarse mesh is added.

For the constraint set K, we shall first decompose ψ as

ψ =
m∑

i=1

ψi, or ψ = ψ0 +
m∑

i=1

ψi, ψ0 ∈ V0, ψi ∈ Vi.(45)

and then define

K0 = {v ∈ V0| v ≥ ψ0}, and Ki = {v ∈ Vi| v ≥ ψi}, i = 1, 2, · · · ,m.
(46)
Under condition (45), it is easy to see that (2) is correct. When the coarse
mesh is added, the summation index is from 0 to m.
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Following [14,59], let {θi}m
i=1 be a partition of unity with respect to

{Ω′
i}m

i=1, i.e. θi ∈ Vi, θi ≥ 0 and
∑m

i=1 θi = 1. It can be chosen so that

|∇θi| ≤ C/δ, θi(x) =
{

1 if x ∈ τ , distance (τ, ∂Ω′
i) ≥ δ and τ ⊂ Ω′

i,

0 on Ω\Ω′
i.

(47)
The partitions θi are needed in our implementations to decompose the con-
straint setK and the value of u. Even though the interpolation operator Ih is
not bounded from H1(Ω) to H1(Ω), the following estimate is correct due
to the special structure of the functions:

‖Ih(θiv)‖0 ≤ C‖v‖0, |Ih(θiv)|1 ≤ C‖v‖1 +
1
δ
‖v‖0, ∀i,∀v ∈ Sh.(48)

5.2 Decompositions without the coarse mesh

If we use the overlapping domain decomposition without the coarse mesh,
i.e. we use decomposition (44.a), then we will get some domain decomposi-
tion algorithms which are essentially the block-relaxation method. Even in
the case that V = Rn, the analysis for the convergence rate for general con-
vex functional F : Rn �→ R and general convex set K ⊂ Rn is not a trivial
matter, see [39,40] for a survey. In case that the convex constraint setK has
more structure, there are more available convergence rate estimates. For the
domain decomposition method without the coarse mesh, convergence proof
can be found in [47,49,51,35,58], etc. Linear convergence rate has been
proved in [63,4,3,52]. However, all the proofs require that the computed
solutions converge to the true solution monotonically. Numerical evidence
shows that linear convergence is true even if the computed solutions are not
monotonically increasing or decreasing. In the following, we shall use our
theory to prove this fact, i.e. we will get a linear convergence rate without
requiring the monotonicity of the computed iterative solutions.

For any given u, v ∈ Sh, we decompose u, v and ψ as

u =
m∑

i=1

ui, v =
m∑

i=1

vi, ψ =
m∑

i=1

ψi,

ui = Ih(θiu), vi = Ih(θiv), ψi = Ih(θiψ).

In case that u, v ≥ ψ, it is true that ui, vi ≥ ψi. In addition, one gets from
(48) that

m∑
i=1

‖ui − vi‖2
1 ≤ C

(
1 +

1
δ2

)
‖u− v‖2

1,

which shows that
C1 ≤ C(1 + δ−1).
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The decomposition for u and ψ are needed in the implementation. The
decomposition for v is only needed for the analysis. It is known thatC2 ≤ m
with m being the number of colors. From Theorem 1, the following rate is
obtained without requiring that the computed solutions increase or decrease
monotonically:

F (w) − F (u∗)
F (u) − F (u∗)

≤ 1 − α

1 + C(1 + δ−2)
.

The relaxation parameter α can be taken as α = 1 for Algorithm 2.

5.3 Decompositions with the two-level method

Numerical experiments and convergence analysis for the two-level domain
decomposition method, i.e. an overlapping domain decomposition with a
coarse mesh, seem still missing in the literature. The work of [58] is in fact
a two-level algebraic approach and the coarse mesh space V0 is in fact not
used. In Sect. 6.2, it will be shown that the algorithms may not converge
or converge as slow as the one-level method if the coarse mesh obstacle is
not given properly. Decomposing the obstacle and the function u properly,
a linear convergence rate which dependents on cd, but independent of the
number of subdomains is obtained for the proposed algorithms.

For the obstacle function ψ, there exist ψ0 ∈ V0 and ψi ∈ Vi, i =
1, 2, · · · ,m such that ψ = ψ0 +

∑m
i=1 ψi. The decomposition may not

be unique. We just pick any of the decompositions. The analysis and the
numerical tests show that this does not affect the convergence rate.

For any given u ∈ K, the decomposition for u should be obtained from
the decomposition of ψ and a decomposition of u− ψ as in the following.
We first decompose u− ψ as:

u−ψ = σ0 +
m∑

i=1

σi, σ0 = I�
H(u−ψ), σi = Ih(θi(u−ψ−σ0)).(49)

From (36), (37) and the fact that u ≥ ψ, it is true that

0 ≤ σ0 ≤ u− ψ and so σi ≥ 0, i = 1, 2, · · · ,m.(50)

Combining (49) and the decomposition for ψ, one gets the following de-
composition for u

u = u0 +
m∑

i=1

ui u0 = ψ0 + σ0, ui = ψi + σi.(51)
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As a consequence of (50), it is correct that u0 ∈ K0 and ui ∈ Ki, i =
1, 2, · · · ,m. The decompositions for u and ψ are needed for the implemen-
tation of the algorithms. For the analysis, we also decompose any v ∈ K
as

v = v0+
m∑

i=1

vi v0 = ψ0+I�
H(v−ψ), vi = ψi+Ih(θi(v−ψ−I�

H(v−ψ))).

(52)
It is clear that v0 ∈ K0 and vi ∈ Ki for any v ∈ K. As H ≤ C, it follows
from Theorem 2 that

‖u0 − v0‖1 ≤ cd‖u− v‖1.(53)

Note that

ui − vi = Ih(θi(u− v − I�
H(u− ψ) + I�

H(v − ψ))).

Using estimates (39), (48) and similar to the proofs for the unconstrained
cases, c.f. [56,55,62] and [59], it can be proven that

‖ui − vi‖2
1 ≤ c2d

(
1 +

H

δ

)
‖u− v‖2

1.(54)

Thus

(
‖u0 − v0‖2

1 +
m∑

i=1

‖ui − vi‖2
1

) 1
2

≤ C(m)cd

(
1 +

(
H

δ

) 1
2

)
‖u− v‖1.

The estimate for C2 is known, c.f. [56]. Thus, for the two-level domain
decomposition method, we have

C1 = C(m)cd

(
1 +

√
H√
δ

)
, C2 = C(m),

where C(m) is a constant only depending on m, but not on the mesh pa-
rameters and the number of subdomains. An application of Theorem 1 will
show that the following convergence rate estimate is correct:

F (w) − F (u∗)
F (u) − F (u∗)

≤ 1 − α

1 + c2d(1 +Hδ−1)
.
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5.4 Multigrid decomposition

In this subsection, we discuss the application of our theory to multigrid
methods. From the space decomposition point of view, a multigrid algorithm
is built upon the subspaces that are defined on a nested sequence of finite
element partitions.

We assume that the finite element partition Th is constructed by a suc-
cessive refinement process. More precisely, Th = ThJ

for some J > 1,
and Thj

for j ≤ J is a nested sequence of quasi-uniform finite element
partitions, i.e. Thj

consist of finite elements Thj
= {τ i

j} of size hj such that
Ω = ∪iτ

i
j for which the quasi-uniformity constants are independent of j

(cf. [12]) and τ l
j−1 is a union of elements of {τ i

j}. We further assume that
there is a constant γ < 1, independent of j, such that hj is proportional to
γ2j .

As an example, in the two dimensional case, a finer grid is obtained by
connecting the midpoints of the edges of the triangles of the coarser grid, with
Th1 being the given coarsest initial triangulation, which is quasi-uniform.
In this example, γ = 1/

√
2. We can use much smaller γ in constructing the

meshes, but the constant C1 is getting larger when γ is becoming smaller,
see (58).

Corresponding to each finite element partition Thj
, a finite element space

Mj can be defined by

Mj = {v ∈ W 1,∞
0 (Ω) : v|τ ∈ P1(τ), ∀ τ ∈ Thj

}.
Each finite element space Mj is associated with a nodal basis, denoted by
{φi

j}
nj

i=1 satisfying

φi
j(x

k
j ) = δik,

where {xk
j }

nj

k=1 is the set of all the interior nodes of Thj
. Associated with

each nodal basis function, we define a one dimensional subspace as follows

V i
j = span (φi

j).

Letting V = MJ , we have the following trivial space decomposition:

V =
J∑

j=1

nj∑
i=1

V i
j .(55)

Each subspace V i
j is a one dimensional subspace.

For the obstacle function ψ, assume that ψi
j ∈ V i

j satisfies ψ =∑J
j=1

∑nj

i=1 ψ
i
j . The choice of the decomposition is not unique. For simplic-

ity for the presentation of the decompositions of u and v, it shall be assumed
that

ψ = 0, ψi
j = 0, ∀i, j.(56)
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In case that the obstacle functions are not zero, one just need to add ψi
j to

the decompositions of u−ψ and v−ψ to get the decompositions for u and
v, see (59) and (60).

For any v ≥ 0 and j ≤ J − 1, define vj = I�
hj
v − I�

hj−1
v ∈ Mj . Let

vJ = v − I�
hJ−1

v ∈ MJ . A further decomposition of vj is given by

vj =
nj∑
i=1

vi
j with vi

j = vj(xi
j)φ

i
j .

It is easy to see that

v =
J∑

j=1

vj =
J∑

j=1

nj∑
i=1

vi
j .

For any u ≥ 0, it shall be decomposed in the same way, i.e.

u =
J∑

j=1

nj∑
i=1

ui
j , ui

j = uj(xi
j)φ

i
j ,

uj = I�
hj
u− I�

hj−1
u, j < J ; uJ = u− I�

hJ−1
u.

It follows from (36), (37) and (38) that ui
j , v

i
j ≥ 0 for all u, v ≥ 0, i.e.

ui
j , v

i
j ∈ Ki

j = {v ∈ V i
j : v ≥ ψi

j} under condition (56).

We estimate

nj∑
i=1

∣∣ui
j − vi

j

∣∣2
1 =

nj∑
i=1

∣∣uj(xi
j) − vj(xi

j)
∣∣2 ∣∣φi

j

∣∣2
1

≤ Chd−2
j

nj∑
i=1

∣∣uj(xi
j) − vj(xi

j)
∣∣2 ≤ Ch−2

j |uj − vj |20 .

Here, we have used the fact that, in the finite element space, an L2 norm is

equivalent to some discrete L2 norm, namely ‖vj‖2
0

∼= hd
j

∑nj

i=1

∣∣∣vj(xi
j)
∣∣∣2 .

Define

c̃d =



C, if d = 1;
C(1 + | log h| 1

2 ), if d = 2;
Ch− 1

2 , if d = 3.

From the definitions of uj and vj and estimate (39), it is easy to see that

‖uj − vj‖0 ≤ c̃d(hj + hj−1)|u− v|1.
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As a consequence,

J∑
j=1

nj∑
i=1

‖ui
j − vi

j‖2
1 ≤ c̃d

J∑
j=1

h−2
j ‖uj − vj‖2

0

≤ c̃2d

J∑
j=1

h−2
j h2

j−1 |u− v|21 ≤ c̃2dγ
−2J |u− v|21 ,(57)

which proves that

C1 ∼= c̃dγ
−1J

1
2 ∼= c̃dγ

−1| log h| 1
2 .(58)

The estimation forC2 is known, i.e.C2 = C(1−γd)−1, see Tai and Xu [56].
Thus for the multigrid method, the error reduction factor for the algorithms
is

F (w) − F (u∗)
F (u) − F (u∗)

≤ 1 − α

1 + c̃2dγ
−2J

.

For unconstrained linear problems, the dependence on J can be removed
with much more complicated analysis [43,6].

In case that the obstacle function ψ is not zero, one needs to first decom-
pose u− ψ as

u− ψ =
J∑

j=1

nj∑
i=1

σi
j , σi

j(x) = σj(xi
j)φ

i
j(x),(59)

σj = I�
hj

(u− ψ) − I�
hj−1

(u− ψ), j < J ;

σJ = (u− ψ) − I�
hJ−1

(u− ψ).

The decomposition for u, which is needed in the implementation, is then
given by

u =
J∑

j=1

nj∑
i=1

ui
j , ui

j = ψi
j + σi

j .(60)

The decomposition (55) only represents a “half-V-cycle” (or called a
“\-cycle”) multigrid method. In order to produce the full “V-cycle” or “W-
cycle” multigrid iteration, we just need to repeat some of the one dimensional
subspaces once more or several times more in the decomposition (55). The
estimates for C1 and C2 can be done in a very similar way.

In decomposition (55), the total number m of subspaces is m =∑J
j=1 nj . On each level, the nodes can be colored so that the neighboring

nodes are always of different colors. The number of colors needed for a regu-
lar mesh is always a bounded constant; call itmc. Let Ṽ k

j , k = 1, 2, · · ·mc be
the sum of the subspacesV i

j associated with nodes of the kth color on level j.
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We have the following trivial space decomposition: V =
∑J

j=1
∑mc

k=1 Ṽ
k
j .

The total number of subspaces for such a decomposition is mcJ . Such
a decomposition is only needed theoretically. The algorithm produced by
this decomposition with Algorithm 1 is the same as the one produced by
decomposition (55). For Algorithm 2, the resulting schemes for the two-
decompositions are different. However, both have a convergence rate inde-
pendent of the number of subspaces.

6 Implementation issues and some numerical experiments

We shall test our algorithms for the obstacle problem (4) withΩ = [−2, 2]×
[−2, 2], f = 0 and

ψ(x, y) =
√
x2 + y2 x2 + y2 ≤ 1, ψ(x, y) = −1 elsewhere.

We first note that the obstacle function ψ is not even in H1(Ω). Even for
such a difficult problem, linear convergence has been observed in our ex-
periments. With consistent Dirichlet boundary condition, the problem has
an analytical solution

u∗(x, y) =
{√

1 − x2 − y2 r ≤ r∗

−(r∗)2 ln(r/R)/
√

1 − (r∗)2 r ≥ r∗

where r =
√
x2 + y2, R = 2 and r∗ = 0.6979651482..., which satisfies

(r∗)2 (1 − ln(r∗/R)) = 1.

In using domain decomposition methods, the subdomain problems are
solved by the augmented Lagrangian approach of Tai [57, p.235] with or
without the dimensional splitting. Let matrixA be the matrix associated with
the bilinear form a(·, ·) for the finite element space and b the load vector
associated with the linear functional f(·), then u∗ and ψ, which now repre-
sent the vectors that contain the nodal values of the finite element functions,
satisfy (4) if and only if they satisfy (see [13])

Au∗ ≥ b, u∗ ≥ ψ, (Au∗ − b) · (u∗ − ψ) = 0.

The stopping criteria for the subproblems is

‖ min(0, Au−b)‖�2+‖ min(0, u−ψ)‖�2+‖(Au−b)·(u−ψ)‖�2 ≤ TOL.
(61)
For the first iteration, the subdomain solvers always take a lot of CPU time.
From the second iteration, the subdomain solvers use very little CPU time
due to the fact that very good initial guesses are available for the subdomain
problems.
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Fig. 1. The obstacle and the true finite element solution with h = L/128, L = 4. un is the
computed solution by Algorithms 1 or 2, uh is the true finite element solution and u∗ is the
analytical solution

Algorithms 1 and 2 are used as iterative solvers, i.e. we take an initial
guess and use Algorithms 1 and 2 to get a better approximation and use
this newly computed approximation as the initial guess to compute another
better solution and continue in this way. We stop the iteration once the global
solution satisfies (61). In the plots, en is theH1-error between the computed
solution at thenth iteration and the true finite element solution, see Fig. 1. e0
is the initial error. In the implementation for the decompositions of Sect. 5.2
and Sect. 5.3, we need to construct the functions θi which are not unique.
We have used several choices that satisfy (47) and it seems that they do not
alter the convergence rate much.

6.1 Experiments without the coarse mesh

Without the coarse mesh, the computed solutions will increase monotoni-
cally to the true solution if we start with a function which is less than the true
solution [52]. We shall start with a function that is less than the true solution
in part of the domain and bigger than the true solution in the rest of the do-
main. Thus, the convergence will not be monotonically. Linear convergence
is observed, see Figs. 2 and 3. In Fig. 2, convergence rate is compared for
different choices of the starting function. It can be seen that the convergence
is much better if the starting function is below the true solution. However,
all three choices have a linear convergence. In Fig. 3, the starting function
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Fig. 2. Convergence for the domain decomposition method without the coarse mesh when
the starting function is below, above or partly below and partly above the true solution.
h = L/128, H = L/8, L = 4, δ = 2h
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Fig. 3. Convergence for the domain decomposition without the coarse mesh when the
starting function is partly below and partly above the true solution. h = L/128, H =
L/8, L = 4

is partly below and partly above the true solution. Convergence for differ-
ent overlapping sizes is shown. In order to reach a given accuracy, it was
observed that the iteration number is reduced by a factor of 2 if we increase
the overlapping size by a factor of 2.
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6.2 Experiments with the two-level method

Due to the coarse mesh correction, the computed solutions will not increase
or decrease monotonically. The first thing we want to show is that the al-
gorithms will not converge if u and ψ are not decomposed properly. We
decompose u and ψ as

u = u0 +
∑m

i=1 ui, u0 = IHu, ui = Ih(θi(u− u0)),
ψ = ψ0 +

∑m
i=1 ψi, ψ0 = IHψ, ψi = Ih(θi(ψ − ψ0)),

(62)

i.e. the coarse mesh functions u0 and ψ0 are the coarse mesh nodal interpo-
lations for u and ψ respectively. With such a decomposition, the algorithms
are not convergent.

The second decomposition we have tried is:

u = u0 +
∑m

i=1 ui, u0 = 0, ui = Ih(θiu),
ψ = ψ0 +

∑m
i=1 ψi, ψ0 = 0, ψi = Ih(θiψ),(63)

i.e. the coarse mesh functions u0 and ψ0 are taken to be zero functions. With
such a decomposition, it can be proven that the estimate for C1 is the same
as without using the coarse mesh in the decomposition. In the numerical
tests, the asymptotic convergence rate for this decomposition is the same as
the domain decomposition method without the coarse mesh, see Fig. 4.

Let ψ0 to be an arbitrary coarse mesh function from V0. We then decom-
poseψ asψ = ψ0+

∑m
i=1 ψi withψi = Ih(θi(ψ−ψ0)). The decomposition

for u should be taken as in (49) and (51). The analysis indicates that linear
convergence shall be obtained for any ψ0 ∈ V0. This is in fact observed in
the experiments.

In Fig. 4, the convergence rate for different decompositions is compared.
The first curve, counting from the top to the bottom, shows the convergence
for decomposition (62). It is not convergent. The second curve shows the
convergence for the domain decomposition method without the coarse mesh
with overlapping size δ = 2h. The third curve shows the convergence with
the coarse mesh and with the decomposition given by (63) when the over-
lapping size is δ = 2h. The asymptotic convergence rate is the same as
without using the coarse mesh. The last curve shows the convergence with
the correct decomposition given by (49) and (51).

In Fig. 5, the fine and the coarse meshes are fixed. The convergence for
different overlapping sizes is shown. The convergence is better with bigger
overlapping sizes.

6.3 Experiments with the multigrid method

For the multigrid method, there are infinitely many choices to decompose
ψ =

∑J
j=1

∑nj

i=1 ψ
i
j . For any of these decompositions, the convergence rate
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Fig. 4. Convergence for different decompositions. h = L/128, H = L/8, L = 4, δ = 2h
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Fig. 5. Convergence for the two-level method for decomposition (49) and (51) with different
overlaps. h = L/128, H = L/8, L = 4

is the same just if we decompose u as given in (60). One of the decompo-
sitions for ψ is to take ψi

j = 0 for any j < J and ψi
J = ψ(xi

J)φi
J(x) for

i = 1, 2, · · · , nJ , i.e. all the coarser mesh obstacle functions are taken to be
zero and only the obstacle on the finest mesh is nonzero. We always start
with u being the global obstacle. Convergence for different J is shown in
Fig. 6. It can be seen that the convergence rate increases slightly with bigger
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Fig. 6. Convergence for the multigrid method

J . For J = 5, the rate is 0.78. For J = 6, the rate is 0.8. For J = 7, the rate
is 0.81. For J = 8, the rate is 0.85.

There are some tricks that enable us to compute the decomposition of u
given in (59) and (60) very efficiently. For any v ∈ Sh and v ≥ 0, we use a
vector zj to store the values minτ i

j
v for all the elements τ i

j ⊂ Thj
. As the

meshes are nested, the vectors zj can be computed recursively starting from
the finest mesh and ending with the coarsest mesh. From the vectors zj , it
is easy to compute I�

hj
v on each level. The value of I�

hj
v at a given node is

just the smallest value of zj in the neighboring elements.

7 Conclusion

The decomposition of the obstacle and u can be done very efficiently with
the nonlinear operator I�

H for the two-level and the multigrid methods. The
complexity of the code is nearly the same as the unconstrained linear case.
However, the convergence rate can be improved if we use other interpolation
operators. There are many other nonlinear interpolation operators satisfy-
ing the properties (36), (37), (38), (39) and (40). Some of these operators
satisfy (39) and (40) with a much smaller constant C. The corresponding
C1 for these operators will be much smaller for the two-level and multigrid
methods. From Theorem 1, the convergence rate with these interpolation
operators can be better.

In condition (3), the nonlinear operator F ′ is required to be coercive.
Condition (8) implies that F ′ is Lipschitz continuous. The convergence of
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Theorem 1 can be extended to nonlinear problems under weaker conditions
as in [56]. Just assuming

〈F ′(w) − F ′(v), w − v〉 ≥ κ‖w − v‖p
V , ∀w, v ∈ V ,

‖F ′(w) − F ′(v)‖V ′ ≤ 
‖w − v‖q−1
V , ∀w, v ∈ V ,

with some κ > 0, 
 > 0, p > 1 and q > 1, it can be proved that

F (w) − F (u∗) ≤
(

1 − 1
c0

)
(F (u) − F (u∗)) if p = q.

and

F (w) − F (u∗) ≤ F (u) − F (u∗)[
1 + c0 |F (u) − F (u∗)|r−1

] 1
r−1

,

r =
p(p− 1)
q(q − 1)

, if p > q.

In order to get the above estimates, conditions (7) and (8) also need to be
modified correspondingly and can be shown to be valid for all the decom-
positions given in Sects. 5.2, 5.3 and 5.4. The constant c0 > 1 is given
explicitly as a function of α, κ, 
, p, q, C1 and C2.
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