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Abstract

We consider the permeability estimation problem in two-phase porous media flow. We try

to identify the permeability field by utilizing both the production data from wells as well as

inverted seismic data. The permeability field is assumed to be piecewise constant, or can

be approximated well by a piecewise constant function. A variant of the level set method,

called Piecewise Constant Level Set Method is used to represent the interfaces between

the regions with different permeability levels. The inverse problem is solved by minimizing

a functional, and TV norm regularization is used to deal with the ill-posedness. We also

use the operator-splitting technique to decompose the constraint term from the fidelity

term. This gives us more flexibility to deal with the constraint and helps to stabilize the

algorithm.

Mathematics subject classification: 34A55, 35R30.

Key words: inverse problem, level set method, piecewise constant, operator splitting, reser-

voir description.

1. Introduction

History matching, i.e, the process of tuning uncertain properties to match dynamic data is
an important part of reservoir flow modelling. The flow in the reservoir (porous medium) can
be modelled by multiphase flow equations. If the physical (rock) properties of the reservoir,
such as porosity, permeability etc. are known, then we can predict the pressure and saturation
distributions by solving the flow equations. However, such information usually are only available
at wells. On the other hand, the production data from wells, as well as seismic data might be
available, which can provide sparsely distributed pressure and saturation information. Based
on these data, we should be able to get some information about the rock properties. However,
because of the sparsity of data, one shouldn’t expect to identify the fine details. We focus
on permeability estimation in this paper, and all the other rock properties, such as porosity,
viscosity etc, are supposed to be known.

* Received xxx / Revised version received xxx /
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Permeability estimation is an inverse problem, which is ill-posed and usually needs regu-
larization. In our case, the ill-posedness is worse because of the insufficient observation data.
To overcome this difficulty, we give up pursuing the fine resolution of the permeability field,
and adopt the common used zonation regularization strategy. To do so, the parameter field is
assumed to be piecewise constant. This reduces the solution space, so that non-feasible solu-
tions should be avoided. Accordingly, TV (Total Variation) norm regularization will be used
to control the shape of the curves separating different constant permeability regions, which has
the ability to preserve sharp interfaces [1].

When solving curve evolution problems, the level set method is an natural choice, because
of its excellent ability to deal with topological changes, such as breakings or mergings, in a
natural and efficient way. Since the permeability estimation problem considered here involves
identifying the curves separating different regions, we will also use level set method to represent
the interfaces implicitly, and solve the inverse problem by evolving the level set functions.

The original level set method was proposed by Osher and Sethian in [2]. Recently, the level
set method has been extended and used for various inverse problems [3, 4, 5, 6, 7]. Recently,
some variants of the Osher-Sethian level set method have been proposed [8, 9]. A variant of
level set method, called binary level set method, was proposed in [10, 9] and used for image
processing. It simplifies the original level set method, and may gain some advantages for certain
problems. This method has been tested for our problem for the case that the permeability field
consists of two regions of constant values, see Nielsen et. al. [11]. By binary level set method,
the zonation structure is implicitly represented by binary level set functions. One binary level
set function can represent two regions. With more than two regions, we need to use multiple
binary level set functions, see [12, 8]. This is just the multiple (traditional) level set method
framework, proposed by Chan et.al. [13, 14]. The piecewise constant level set method [8], is
another variant of the level set method. However, piecewise constant level set method has the
ability to deal with multiple regions using just one level set function. This is simpler than the
multiple binary level set method.

In this paper, we try to identify the permeability field with zonation structure by using the
piecewise constant level set method of [8]. The permeability field is assumed to be piecewise
constant, or can be approximated well by piecewise constant functions. The observation data
available is production data from wells and inverted, time-lapse seismic data.

The remainder of this paper is organized as follows. In Section 2, the inverse problem and
corresponding minimization problem are set up. In Section 3, the piecewise constant level set
method is introduced and incorporated into the formulation of the minimization problem. The
numerical algorithm is described in Section 4. Numerical experiments are presented in Section
5. Section 6 is for conclusion and remarks.

2. The inverse and minimization problem

We consider incompressible, two dimensional two phase flow (oil and water) in a porous
medium with isotropic permeability and zero capillary pressure.

Φ(x)
∂So

∂t
−∇ ·

(
κ(x)κro(So)

µo
∇p

)
= fo(x), (2.1)

Φ(x)
∂Sw

∂t
−∇ ·

(
κ(x)κrw(Sw)

µw
∇p

)
= fw(x), (2.2)
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where (x, t) ∈ Ω × [0, T ]. Ω ∈ R2 is a bound domain. The subscripts o and w refer to oil
and water. So, Sw denote the saturations, µo, µw denote the viscosity, p denotes the pressure,
fo, fw denote the external volumetric flow rate and κro, κrw denote the relative permeability.
Φ(x) is the porosity, and κ(x) denotes the absolute permeability, which is to be identified in
this paper.

Using the auxiliary equation
So + Sw = 1 (2.3)

to eliminate the oil saturation, So, we obtain a system of two equations in the two unknowns,
pressure p and water saturation Sw.

The problem is to estimate the absolute permeability κ(x), while Φ(x) and κro, κrw are
assumed to be known. The estimation is based on the observation data from production history
of wells as well as the data from seismic surveys.

Incorporating seismic data into history matching is relatively new. Although some re-
searchers use seismic amplitude differences[15], most of the work on seismic history matching
has been focusing on inverted seismic data, such as acoustic impedance and/or Poisson’s ratio,
see e.g. [16, 17, 18, 19]. These properties are mapped to the simulation grid and compared to
corresponding properties calculated from the model porosity and simulated pressures and sat-
urations using a petro-elastic model. In this paper, we have, for simplicity, assumed that both
the production data and the seismic data has been inverted to cell pressures and saturations.
Converting time-lapse seismic data to changes in pressures and saturations is a difficult task,
which is currently not normally done. However, this is the topic of ongoing research, see e.g.,
[20, 21, 22, 23].

Let dwell and dseis denote the well data and seismic survey data respectively, i.e.

dwell = {p(xwell,i, t), Sw(xwell,i, t), i = 1, 2, . . . , nwell, t ∈ [0, T ]},
dseis = {p(x, tj), Sw(x, tj), x ∈ Ω, j = 1, 2, . . . , nseis,

where nwell is the number of wells including both production wells and injection wells, and nseis

is the number of seismic surveys in the time domain [0, T ].
Given the absolute permeability field, we can compute p, Sw and then measure the dif-

ferences between the observed data and the simulated data. In this paper, we will formulate
this process as an output-least-squares optimization problem, and then solve it by a variational
approach.

Based on the standard technique, we would like to identify the logarithm of the permeability
rather than the permeability itself. So we define

q(x) = log10(κ(x)),

where the permeability, κ(x), is given in Darcys, and solve the problem with respect to q(x).”
As in [18, 19], we apply the following objective function to measure the misfit between the

measured and simulated data.

J(q) = Jtot(q) = Jwell(q) + Jseis(q)

=
1
2
(dwell −m(q))T D−1

well(dwell −mwell(q)) +

1
2
(dseis −m(q))T D−1

seis(dseis −mseis(q)), (2.4)
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where mwell(q) and mseis(q) are the simulated data from solving the forward model for a given
q(x). Dwell and Dseis are the covariance matrices corresponding to data error.

We consider the special case that q(x) is a piecewise constant function or can be well
approximated by a piecewise constant function. While arbitrary geometrical structures are
allowed, the interfaces should not be too arbitrary to be out of the ordinary world. We need to
control the local behavior of the interfaces. This is achieved by TV norm regularization. Define

R(q) =
∫

Ω

|∇q|dx.

Then the functional to be minimized is

F (q) = Jtot(q) + βR(q), (2.5)

where β > 0 is the regularization parameter to be used to control the influence of the regular-
ization. We choose β by trial and error method in this paper. Now the problem is

min
q∈Q

F (q), (2.6)

where Q is the space containing all piecewise constant functions.
In the next section, we try to utilize the fact that q lies in a piecewise constant function space,

and represent q by a piecewise constant level set function. By doing this, the structure of q, i.e.
the location of discontinuities and the constant values (levels) can be recovered simultaneously.

3. The Piecewise Constant Level Set Method for the inverse problem

We use the PCLSM [8] to represent q as well as its discontinuities implicitly. The essential
idea of the PCLSM is to use a piecewise constant level set function to identify the subdomains.
Assume that we need to partition the domain Ω into subdomains Ωi, i = 1, 2, . . . , n and the
number of subdomains n is a priori known. In order to identify the subdomains, we try to
identify a piecewise constant level set function φ such that

φ = i, in Ωi, i = 1, 2, . . . , n. (3.1)

Thus, for any given partition {Ωi}n
i=1 of the domain Ω, it corresponds to a PCLS function φ

which takes the values 1, 2, · · · , n. Associated with such a level set function φ, the characteristic
functions of the subdomains are given as

ψi =
1
αi

n∏

j=1,j 6=i

(φ− j), αi =
n∏

k=1,k 6=i

(i− k). (3.2)

If φ is given as in (3.1), then we have ψi(x) = 1 for x ∈ Ωi, and ψi(x) = 0 elsewhere. We can
use the characteristic functions to extract geometrical information for the subdomains and the
interfaces between the subdomains. For example,

Length(∂Ωi) =
∫

Ω

|∇ψi|dx, Area(Ωi) =
∫

Ω

ψidx. (3.3)

Define

K(φ) = (φ− 1)(φ− 2) · · · (φ− n) =
n∏

i=1

(φ− i). (3.4)
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At every point in Ω, the level set function φ should satisfy

K(φ) = 0. (3.5)

For any piecewise constant function q(x), we can represent q(x) by a piecewise constant
level set function described above. Suppose q(x) is defined in domain Ω =

⋃n
i=1 Ωi, and

q(x) = ci, x ∈ Ωi. Assume that a piecewise constant level set function φ(x) has been defined
as φ(x) = i, x ∈ Ωi, then we have

q(x) = q(~c, φ)(x) =
n∑

i

ciψi(φ),

where ~c = (c1, c2, . . . , cn)T . Incorporating above representation, together with the constraint,
the minimization problem (2.6) becomes

min
~c,φ

F (q(~c, φ)), subject to K(φ) = 0. (3.6)

To deal with the constraint, we use the penalization technique to transform the constrained
minimization problem (3.6) into an unconstrained minimization problem

min
~c,φ

L(q(~c, φ)), L(q(~c, φ)) = F (q(~c, φ)) +
1
2µ

∫

Ω

|K(φ)|2dx, (3.7)

where µ should be a small positive number to enforce K(φ) = 0.
To solve the above minimization problem, we need to calculate the derivatives of F with

respect to φ and ~c. By the chain rule, we have [12]

∂F

∂φ
=

∂F

∂q

∂q

∂φ
(3.8)

∂F

∂cj
=

∫

Ω

∂F

∂q

∂q

∂cj
, ∀j = 1, 2, . . . , n. (3.9)

The calculation of ∂F
∂q involves the solving of the forward model. In this work, ∂F

∂q is
calculated from the adjoint state variables, see e.g., [24].

4. The numerical algorithm

For simplicity, we Let L(~c, φ) = L(q(~c, φ)) , F (~c, φ) = F (q(~c, φ)) . So the functional to be
minimized is

L(~c, φ) = F (~c, φ) +
1
2µ

W (φ), (4.1)

where W (φ) =
∫
Ω

K2(φ)dx. It’s easy to see that

∂L

∂φ
=

∂F

∂φ
+

1
2µ

W ′(φ), (4.2)

∂L

∂~c
=

∂F

∂~c
, (4.3)

where ∂L
∂~c = ( ∂L

∂c1
, ∂L

∂c2
, . . . , ∂L

∂cn
)T , and similar for ∂F

∂~c . It’s also easy to verify that W ′(φ) =
2K(φ)K ′(φ).

We use the following general sequential algorithm to solve our minimization problem (3.7).

Algorithm 1. Choose initial values for φ and ~c. For k = 1, 2, . . ., do
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1. Find ~ck+1, such that
~ck+1 = arg min

~c
L(~c, φk). (4.4)

2. Find φk+1 such that

φk+1 = arg min
φ

L(~ck+1, φ). (4.5)

3. Check the convergence, if converged, stop; else goto 1.

Here we use arg min to denote the minimizer of the functional at hand. To find a minimizer
of L with respect to φ and ~c, we need to solve

∂L

∂φ
=

∂F

∂φ
+

1
2µ

W ′(φ) = 0, (4.6)

∂L

∂~c
= 0. (4.7)

To solve (4.6), we solve the following equation to steady state

φt +
∂L

∂φ
= φt +

∂F

∂φ
+

1
2µ

W ′(φ) = 0.

Normally, explicit schemes are used to solve the above equation. Here, we use the Operator-
splitting scheme of [25, 26] which normally has better efficiency and stability.

φk+1/2 − φk

τ
+

∂F

∂φ
(φk+1/2,~ck+1) = 0, (4.8)

φk+1 − φk+1/2

τ
+

1
µ

K(φk+1)K ′(φk+1) = 0. (4.9)

To simplify the computation, we use an explicit scheme to solve (4.8),

φk+1/2 = φk − α1
∂F

∂φ
(φk,~ck+1), (4.10)

where α1 is a constant that needs to be chosen properly. We rewrite (4.9) as

φk+1 − φk+1/2 + α2K(φk+1)K ′(φk+1) = 0, (4.11)

where α2 is a parameter to control the strength of the constraint. Note that (4.11) is a polyno-
mial of φk+1, we use Newton method to solve it. When applying the operator-splitting scheme,
we need to choose τ and µ. By transforming the algorithm into this form, we need only to
choose the parameters α1, α2 properly.

Now we can write Algorithm 1 more specifically as

Algorithm 2. Choose initial values for φ and ~c. For k = 1, 2, . . ., do

1. Find ~ck+1 such that

~ck+1 = arg min
~c

L(~c, φk).
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2. Compute φk+1/2 by

φk+1/2 = φk − α1
∂F

∂φ
(~ck+1, φk),

3. Set φk+1/2 = φk+1/2, Compute φk+1 from solving (4.11) by Newton method.

4. Check convergence, if converged, stop; else goto 1.

4.1. Implementation Issues

• We need to choose a proper value for α2 for the constraint equation. In order to guarantee
that (4.11) has only one real root, the value of α2 needs to be chosen according to the
number n. We need to have α2 ≤ 2 for 2 regions, and α2 ≤ 0.71 for 3 regions. In
our computations, we use α2 = 0.01 or 0.02. Additionally, we don’t solve the constraint
equation for the first 200 iterations.

• We use fixed step size for updating both φ and ~c. When updating φ, we first use a large
step size α1 = 0.1, and change it to 0.01 after 100 iterations. When updating the constants
~c, we apply the following technique:

~ck+1 = ~ck − 0.001 ∗ sign(
∂L

∂~c
)(~ck, φk). (4.12)

We found that a reasonable estimate for the constants is necessary for our algorithm to
converge. Otherwise, the solution is not unique. In our numerical implementations, we
define intervals [aj , bj ] for cj and check if cj falls out of its interval after each updating
of cj . If cj < aj , then let cj = aj ; if cj > bj , then let cj = bj . The interval is chosen such
that the true value sits on the center. The length of the intervals are about 30% - 50% of
the difference between the true values of the constant permeability regions. In practice,
it’s not necessary to choose the intervals in this way. We just need to estimate the real
constants and choose reasonable intervals.

5. Numerical Experiments

We will present some numerical examples to study the performance of our method. All the
examples are synthetic cases, and the true permeability field consists of distinct permeability
values. The test reservoir is square and horizontal with constant thickness and zero-flow outer
boundaries. The fluid and rock properties are held fixed except for the absolute permeability,
which is to be identified. In the field, we have one injector positioned in the lower left corner.

The relative permeability functions are defined by the Corey models

κrw = κ̂rw

(
Sw − Swr

1− Swr − Sor

)ew

, (5.1)

κro = κ̂ro

(
So − Sor

1− Sor − Swr

)eo

, (5.2)

where the Corey exponents, ew and eo, the residual saturations, Swr and Sor, and the endpoint
permeability, k̂rw and k̂ow, are assumed known. The numerical values for these properties,
together with the rest of the properties for the simulations, are listed in Table 5.1.
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Reservoir dimensions: 1000× 1000× 40 meter
Simulation grid 16× 16× 1 cells
Porosity: 0.2
Viscosity: µw = 0.5× 10−3 Pa· s, µo = µw

Endpoint relative permeability: k̂rw = 0.1, k̂ro = 1
Residual saturations: Srw = 0.2, S?

or = 0.2
Corey exponents: ew = 1.5, eo = 2.5
Initial saturation: Sw = 0.2, So = 0.8
Capillary pressure function: Pc(Sw) ≡ 0 kPa
Injection rate: 8% of total pore volume per year
Production constraint: constant BHP = 200.0 bar
Number of timesteps: 192
Total production time: 3000 days
Number of seismic surveys: 16

Table 5.1: Properties for the simulations.

Pressure σp,well = 1.0 bar σp,seis = 2.5 bar
Saturation σS,well = 0.025 σS,seis = 0.05
Table 5.2: Standard deviations for the added noise.

For a given permeability field, we calculate the true values of pressure and saturation on the
given grid. The timesteps are determined by the forward simulation. The synthetic measure-
ments are constructed by adding noise to the calculated true values. The noise is assumed to be
uncorrelated Gaussian noise with zero mean. In Table 5.2, the standard deviations, which give
the amount of added noise, are listed. Notice that uncertainties are different for the seismic
measurements and the production data from wells.

When incorporating these two kinds of data into the output-lease-squared minimization
problem, we will weight them according to the different noise levels. This is done by constructing
the diagonal matrices Dwell and Dseis.

To measure the data fit, we plot RMS values of J , Jwell, and Jseis versus the iteration
number. The RMS value of a function Jα is defined as

√
2Jα/nα, where nα is the number of

measurements included in Jα and α = tot, well or seis.
We take ~c = (0, 0.3)T for 2 subregion cases. and ~c = (0, 0.3, 0.7)T for 3 subregion cases.

Example 1: 2 subregions, two channels

The two channels have the same higher permeability value and cross each other. This is
shown in Figure 5.1.

The estimated qk are shown in Figure 5.2. We see that, even with complicated geometrical
structure, our method can recover it well after about 300 iterations. The convergence curves
are plotted in Figure 5.3. Notice that, one of the constants doesn’t converge well.

In this example, we take the initial value φ0 = 1.5. We have noticed that, if taking φ0 = 1,
then we will miss two subchannels, and can only identify the channel running from the bottom
left corner to the upper right corner. This is actually the field with relative rich flow activities. If
we look at Figure 5.2(c), it’s easy to find out that the permeability field with rich flow activities
converges very fast, while the field with less flow activities converges much slower. This is again
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a very common feature of permeability estimation problem.
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(b) True discontinuity

Fig. 5.1. Example 1: Two regions, multiple channels,2 wells

Example 2: 3 subregions, single Channel

The true permeability field consists of three regions with different constant permeability
values. The permeability in the channel is higher than other parts, and the channel itself
consists of two parts. From near the center, the channel breaks into two parts, the part from
the center to the upper right corner, has higher permeability value than the other part. The
constant values for this example are {0, 0.3, 0.7}. This is shown in Figure 5.4.

The estimated qk are shown in Figure 5.5. Convergence is achieved after about 300 itera-
tions. Notice that some parts of the field are misclassified. Nevertheless, the basic structure is
still identified well.

The convergence curves are plotted in Figure 5.6. Notice that, one of the constants refused
to converge. For this test, we take the initial value φ0 = 1.

6. Conclusion and remarks

In this paper, we try to identify piecewise constant permeability fields by using a piecewise
constant level set method. Numerical experiments are performed to show how our method
works for two or three constant permeability regions.

Low sensitivity regions exist because of less flow activities. This makes the initial values for
the level set function important for identifying these regions. For two constant permeability
regions, we can naturally choose φ = 1.5 as the initial guess (or φ = 0 for binary level set
method), together with the constraint, we can capture the low sensitivity regions without too
much difficulties. However, for more than two constant permeability regions, it is difficult to
choose a good initial value for φ. Further research needs to be done regarding this problem.

In the numerical experiments, we tried to choose the parameters (β, µ, αi) in a consistent
and systematic way. Better results could be arrived by tuning the parameters for each specific
problem.



10 H. LI AND X-C. Tai AND S.I. Aanonsen

 

 

0

0.05

0.1

0.15

0.2

0.25

(a) 1

 

 

0

0.05

0.1

0.15

0.2

0.25

(b) 50

 

 

0

0.05

0.1

0.15

0.2

0.25

(c) 200

 

 

0

0.05

0.1

0.15

0.2

0.25

(d) 300

 

 

0

0.05

0.1

0.15

0.2

0.25

(e) 500

 

 

0

0.05

0.1

0.15

0.2

0.25

(f) Exact

Fig. 5.2. Example 1: multiple channels, 2 wells.
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