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Summary. Based on some geometrical considerations, we propose a twatep
method to do digital image inpainting. In the rst step, we tr y to propagate the
isophote directions into the inpainting domain. An energy m inimization model com-
bined with the zero divergence condition is used to get a nonlinear Stokes equa-
tion. Once the isophote directions are constructed, an image is restored to t the
constructed directions. Both steps reduce to the solving of some nonlinear partial
di erential equations. Details about the discretization a nd implementation are ex-
plained. The algorithms have been intensively tested on synthetic and real images.
The advantages of the proposed methods are demonstrated by these experiments.

1 Introduction

For a digital image, inpainting refers to the process of lling-in missing data.
It ranges from removing objects from an image to repairing dmaged images
and photographs.

The term of "digital inpainting" seems to have been introduced into im-
age processing by Bertalmio, Sapiro, Caselles and Ballest¢2]. In the past
few years, several di erent approaches have been proposed tackle this com-
plicated image processing task. The basic idea for most of #h inpainting
techniques is to do a smooth propagation of the information m the region sur-
rounding the inpainting area and interpolating level curves in a proper way
[2, 21, 6]. However, there are di erent strategies to achieg these goals. In [2],
the authors proposed to minimize an energy to compute the rasred image
and this results in the solving of coupled nonlinear di erertial equations. In
a related work [4], this idea was further extended to guarange that the level
curves are propagated into the inpainting domain. In [3], a ©nnection between
the isophote direction of the image and the Navier-Stokes agation was ob-
served and they proposed to solve transport equations to llin the inpainting
domain. This is related to our method. Another related work is [11] where a
minimization of the divergence is done to construct optical ow functions.
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The work of [9, 7] minimizes the TV-norm of the reconstructedimage to
Il in the missing data. In later work [8, 10], energy involvi ng the curvature
of the level curves is used and this is in some sense trying tougrantee that
the level curves are connected in a smooth fashion. The equans obtained
from such models are highly nonlinear and of higher (fourth)order.

Recently, texture inpainting has attracted attention. In [ 5], the image in
the surrounding area is rst decomposed into texture and stucture and then
propagated into the inpainting domain in di erent ways. Thi s idea to decom-
pose texture and structure is also used in [12]. Some statigtal approaches
are used in [1] to do texture synthesis and structure propaggon.

We may also mention some recent works which related the phaseld
model and Ginzburg-Landau equation to image processing, B, 16, 13, 12].
These ideas were used in [15, 16, 13] for image segmentatidn.[12] they were
used for image inpainting.

The idea used in this work was motivated by [19, 20, 2, 3]. We sl follow
the basic ideas of image inpainting, i.e. we are trying to prpagate the in-
formation into the inpainting domain along the isophote dir ections. However,
we choose a two-step method to carry out this task as in [20]. fie rst step
involves trying to reconstruct the isophote directions for the missing data.
The second step tries to construct an image tting the restored directions.
This is the same idea used in [20] to remove noise from digitamages. One
new idea which is essential to the present method is that we impose the zero
divergence condition on the constructed directions. This garantees that there
exists an image such that its isophote directions are the réered vectors. This
is important when the inpainting region is relatively large. In contrast to [3],
we obtain our TV-Stokes equation from this consideration whch implies that
the obtained vectors have the smallest TV-norm. The solution of the Stokes
equation will generally not have such a property. We also prpose some novel
ideas to modify the boundary condition for the inpainting domain to select
the information that is propagated into the region. We have only tested our
algorithms on propagated structure information. It is possible to combine it
with texture inpainting as in [5].

This work is organized as follows. In section 2, we explain tb detailed
mathematical principles for our methods. First, some geomgical motivation
is presented. These geometrical observations are then cotinled with energy
minimization models to get the nonlinear equations which gve our inpainting
methods. Discretization and implementation details are then supplied. When
solving the equations, it is rather easy to change the boundg conditions. Due
to this exibility, we show that it is rather easy to block som e information
from propagating into the inpainting region. Numerical experiments on real
and synthetic images are supplied in Section 3 and compariss with other
methods are discussed.
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2 The Mathematical Principles

Suppose that an imageug : R 7! [a; b is de ned on a rectangle domainR.

We shall assume that R is the domain where the data is missing. We
want to Il in the information on based in the geometrical and photometric
information surrounding the region . As in [2], we shall use information in
a band B around the domain . We shall use "= [ B in the following.

2.1 Connection Between Digital Images and Flow Fields

In [3], the connection between image inpainting and uid dynamics is done by

observing that the isophote directions of an image correspad to an incom-

pressible velocity eld. This same observation will be usedhere in our work.

However, the equation we shall use for the inpainting is di eent and is related

to the work of [20]. We give a brief outline of the idea of [20]m the following.
Given scalar functionsu and v, denote:

ru=(uxuy);r “u=( UysUx); T (Bv)= Uy W 1o (U5v) = Uy + vy
Given an imagedo, the level curves:
()= fx: do(X)=1¢; 8c2(1 ;1)0:
have normal vectorsn(x) and tangential vectors (x) given by
n(x)=rdo(x) (¥)=r " do(x):
The vector elds n and satisfy
r n(x)=0; r (x)=0: Q)

Suppose that the surfacedy(x) is exposed to rain, then the rain will ow down
the surface along the directions n(x). One observation is that the surfacedy
can be constructed from the vector eldsn(x) or (x).

For image inpainting, the information of dy in the surrounding band B is
known. Thus, we also know the normal and tangential vectors 6dp in B. The
main idea to Il in the information in is to propagate the vector eld n or

into the interior region . Afterwards, we construct an image in region
to t the computed vectors in
Dene o= r ?dy. There are many di erent ways to propagate the vectors
from B into . In [3], incompressible, inviscid Euler equations are usedHere,
we shall use an energy minimization model to propagate the \&or elds, i.e.
we shall solve Z Z
min  jr jdx+ = j 0j2dx (2)

R r =0 -~ B
Above, _jr jdxis the total variation for vector eld . We requirer =0
to guarantee that the reconstructed vector eld is a tangential vector for the
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level curves of a scalar function in the region™. The penalization parameter
is chosen to be very small to guarantee that o in B. For most of the
cases we have tested, it is enough to takB to be just one pixel wide around
. For such a case, we can take ! 0 and thus the minimization problem
reducesto nda suchthat = gon@ which solves:
z
min jroojdx: 3)
r =0
We use the total variation norm of  (as usual in this subject) because the
boundary value  may have discontinuities. In order to propagate such a
discontinuity into the region , we need to allow to have discontinuities
and thus the TV-norm is preferred to e.g., the H1-norm.
We use g to denote the characteristic function over the domainB, i.e.
g =1in B and g =0 elsewhere. If we use a Lagrange multiplier to deal

with the divergence constraint r = 0, the Euler-Lagrange equation of (2)
is: 8
3 r r_ + —B( o) I =0in T
Iro (4)
3 r =0in T
' r =0on@"

Here, denotes the outer unit normal vector of @™. Similarly, the Euler-
Lagrange equation of (3) is:

8

3¢ j—rr j r =0in ;

3 r =0in ; ®)
) = o0nN@:

Once the tangential vector eld is available in 7, it is easy to obtain the
normal vector eld n. Let u and v be the two components of the vector eld
,i.e.  =(u;v). Then, we have

nx)= "(x)=( vu): (6)

>From the vector eld n(x), we use the same idea as in [20, 2] to construct
an imaged whose normal vectors shall t the computed vectorsn(x). This is
achieved by solving the following minimization problem:

Z z

min_ jrdir d Sdx+ X jd dojPdx: @)
- jnj B

The penalization parameter can be chosen to be same as in (2). Or it can
be chosen to be dierent. In case thatB is only one pixel wide around
the above minimization problem reduces to the following prdlem if we take

I 0:
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z
min jrdir d j%.dx andd=dyon @ : ®)
The Euler-Lagrange equation of (7) is:
rd n B .
r — — + —(d dp)=0in T
rdni ( ) o) ©)
3 — — = 0on @
' (Jr j JnJ)
Similarly, the Euler-Lagrange equation of (8) is:
8
S rd-n =0in ;
jrdijnj ’ (10)
d=doon @ :

2.2 Discretization

We now explain some of the details in discretizing the equatins derived in
the last section for numerical simulations. For clarity, we shall only outline
the details for algorithms (5) and (10). The discretization for (4) and (9) can
be done in a similar way.

For simplicity, the gradient descent method will be used in aur simulations.
The gradient ow equation for is:

@ r _ o
@tr (m) r =0 in ; (12)

r =0;in ; = 9 on@ : (12)

wherekr k = P juxj? + juyj? + jvygj? + juyj2. We have tried two algorithms
to solve (11)-(12). The rst algorithm uses the following it erative procedure
to update and with the time step t ; and initial values properly chosen:
n+l _ n 4 t r r " +r n . (13)

- ! kr "k '
n+l — n + t ir n (14)

The second algorithm updates and by:

n

e k: TR (13)
n+l _ r "
= (16)

In (16), denotes the Laplace operator and we impose a zero Neumann
boundary condition for "*1 Ifr 9 =0and (16) is satised by all ", then
we see from (15) that
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Fig. 1. The pixels and the approximation points for u;v; and d. The approxima-
tion points are: for u, for v, ? for

r "l =0: 8n:

We use a staggered grid to approximateu;v and . Note that = (u;v)is
used to constructd. When we try to compute d from (9) or (10), we are trying
to enforce the following relation approximately: u = dy; v = dy. Due to
this relation, the grid points used in the approximation for u are chosen to
be the points marked with , see Figure 1. The approximation points forv
are marked with . The centers of the rectangle elements marked witt? are
used as the approximation points for . The vertices of the rectangular mesh
are used as the approximation points ford. The horizontal axis represents the
x-variable and the vertical axis represents they-variable, c.f Figure 1.

For a given domain , we useUn( ) to denote all the approximation
points for u inside , V,,( ) to denote all the approximation points for v
inside , n( ) to denote all the approximation points ? for inside and
Dh( ) to denote all the approximation points for d inside . The updating
formulae for (u;v) and for (13)-(14) are:

umt =u"+ t ; D, D_%:{:J” +Dy D-%:n +Cy onUn( );
' i (17)
? ' (18)

n+l — n + t 1(C)f(1=2un+1 + C)f/1=2vn+l) on h( );
(19)

Above, D, ;D, are the standard forward/backward nite di erence operato rs
and C~2; CI™? are the central nite di erence operators with mesh size h=2.
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h denotes the mesh size for the approximations and is taken to done. The
terms T{' and T4 are evaluated as in the following:

q

T = Dxuj2+jCPuj2+ jCvj2 + Dy vjz+ on n( ); (20)

q

T = jCRujz+ Dy uj2+ jDyvj2+jCvjZ+ onDn( ):  (21)

If we use the second algorithm to compute ;v) and from (15)-(16), the
solution of (16) is not unique due to the use of the Neumann bondary condi-
tion. We x the value of to be zero at one point on the boundary to overcome
this problem, which is standard for this kind of problem. Fast methods, like
the FFT (Fast Fourier Transformation), can be used to solve (16).

Once the iterations for u and v have converged to a steady state, we use
them to obtain d. Note that the relation between (u;v) and n is as in (6).
Similar as in [20], the following gradient ow scheme is usedo update d of
(20):

Dyd" %
dtl = g"+ t D X +p
2 X D? I‘-’02+V2+
+ p, " Dn( ) (22)
p on ;
Y D3} PUZ+A2 + h

In the above, &; ¢ are the average values of the four nearest approximation
points and

q

1= jD;'d”j2+jC{,‘d”j2+ onDn( ); (23)

q

D3 = jCPd"j2+jDyd"j2+ onDn( ): (24)

This iteration is the standard gradient updating for d. We could use the AOS
scheme of [17, 18] to accelerate the convergence. The AOS eote was rst
proposed in [17, 18]. It was later rediscovered in [22, 14] ahused for image
processing problems.

Up to now we have only explained the approximation details fo (5) and
(10). It is easy to see that the discretization for (4) and (9) can be done in a
similar way. The Dirichlet or Neumann boundary conditions for the di erent
equations are implemented in the standard way and we will ontithe details.

2.3 Other Kind of Boundary Conditions

We have proposed two alternatives to deal with the information which is in
the surrounding area of | i.e.

Using information in a narrow band around the inpainting region  and
trying to propagate this information into the region  using equations (4)
and (9).
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Using information of the two nearest pixels around the inpanting region
and using equations (5) and (10) to propagate the informatim into the
region

There is no strong evidence about which of these two alternates is better.
In fact, numerical experiments show that this is image depedent. In most of
the tests given in this work, we have used the boundary condibns (5) and
(10).

In the following, we shall even propose another boundary cadition to
treat some special situations. For some images, we may wantome of the
information from the surrounding area to be propagated into , while some
other information from the surrounding area is not welcome b be so propa-
gated, see Figures 9, 11, and 12. In order to deal with this kid of situation,
we propose the following alternative:

Decompose the boundary@ into two parts,i.e. @ = @p [ @ n. For
equation (5), replace the boundary condition by

a = oon@p; b =00n@ n; (25)

and replace the boundary condition of (10) by
a)d=doon@ p b)%dZOOH@NZ (26)

Condition (26.b) means that we do not want to propagate any information
through @ n . Due to the fact that r d” , condition (26.b) implies that
we must have condition (25.b) for on @ y. A similar procedure can be
performed for equations (4) and (9).

3 Numerical Experiments

First, we explain how to choose", t ; and t , in numerical implementations.

We add " to the denominator to avoid dividing by zero in (20)-(21) and (23)-

(24). If is chosen to be large, the computed image will be smoothed atbif

is chosen to be too small, it may slow down the convergence. Weaave chosen
to be the same in (20)-(21) and (23)-(24), but it will di er fr om example to

example.

With large t 3 and t ,, the iterations will converge faster, but if they are
too large, the scheme is unstable. For most experiments ;  0:03 will lead
to convergence of the normal vectors. A smallert 1 will also work, but more
iterations might be necessary. If the normal vectors are smoth, t , is less
sensitive and can be chosen to be large. If the vector eld isdss smooth,t »
must be smaller.
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Example 1

In this example we test out our method on an image from a Norwe@n news-
paper. The image shows a man jumping from Jin Mao Tower, a 421 eter tall
building in the city of Shanghai, see Figure 2. We want to remee the man
and restore the city in the background.

The rst part of the code computes the normal vectors in the missing
region. >From Figure 3 we see that the vectors are propagatonpinto the in-
painting region in a smooth fashion. Whent ; =0:03 and = 10 are used,
a steady state is reached after 3000 iterations using (13)34). If we use (15)-
(16), less than 1000 iterations are needed to reach a steadyase, see Figure 3
e) and Figure 3 f).

The second part reconstructs the image using the computed nmonal vec-
tors. Figure 4 shows how the man is gradually disappearing ding the it-
erations. With t , = 0:15 it takes 30000 iterations before a steady state is
reached. In the resulting image the man has disappeared contgtely and the
background is restored in a natural way. There are no disconhuities in the
sky, and the skyline is almost a straight line. It is nearly impossible to detect
that the sky and the skyline contains the missing region.

Fig. 2. The original image.

Example 2

We test our method on some well-know examples which have bedested by
others using di erent methods [2]. We use these results to shw the quality of
the restored images compared with other methods.

In the example shown in Figure 5, red text is written over the picture.
The text is the inpainting area, and we want to Il it with info rmation from
the image. With =1 and t ; = 0:03 the normal vectors converge after 7000
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Fig. 3. The restored ow vector using (13)-(14) at di erent iterations. a) at

iteration 0; b) at iteration 1000; c) at iteration 2000; d) at iteration 3000; e) The
plot for kuk and kvk which shows that the equations (13)-(14) reach a steady state,
i.e. at iteration 3000. f) In this plot, we show the convergen ce for kuk and kvk using

equations (15)-(16). They reach steady states quicker than (13)-(14), i.e. at iteration
1000.
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Fig. 4. The restored image d using equation (10) at di erent iterations. a) at
iteration 0; b) at iteration 10000; c) at iteration 20000; d) at iteration 30000; €) The
restored image using the new method (15)-(16) to nd . f) The plot for kd dok
which shows that the equation (5) reaches a steady state, i.e at iteration 30000. f)
The plot for k "*? "k which goes to o very quickly which also shows the steady
state is quickly reached.

iterations for (13)-(14). The second part of the code conveged after only 3000
iterations with t , =0:5.

In Figure 6, another image which has been tested in the literture, is used
here to compare our method with the others, [2, 1]. The image &s the white
text 'Japanese animation’, and we want to remove this. An are around the
text is lighter than the background and has to be restored as well. Figure 6
b) shows the manually obtained inpainting region. Figure 6 ¢ shows restored
image. The values fort ; and t , are chosen to be the same as in the previous
example, and the convergence is nearly the same.



12 Xue-Cheng Tai, Stanley Osher, and Randi Holm

c)

Fig. 5. a) The original image. b) The restored image using equations (5) and (10).
¢) The di erence image.

Figure 7 a) shows an old photo which has been damaged. We marié
inpainting region in white colour, as shown in Figure 7 b) andtry to restore

it. The result is shown in Figure 7 c).

The image in Figure 8 a) shows another situation where our algrithm
can be applied. The image has a piece of musical notes writteon it. A large
amount of information is lost, but it is scattered on the image in narrow areas.
The rst part converges after 2500 iterations and the secondpart converges
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Fig. 6. a) The original image. b) The image with the inpainting regio n obtained
manually. ¢) The restored image using equations (5) and (10). d) The di erence
image.

after 1000 iterations when using our algorithm for this image. The restored
image in Figure 8 b) looks rather good.

Example 3

To test the code for the new boundary condition (25)-(26), wecreated a simple
image, see Figure 9. Information is missing in a rectangle ithe middle of the
image which only has two intensity values. If we use Dirichlé boundary con-



14 Xue-Cheng Tai, Stanley Osher, and Randi Holm

<)

Fig. 7. a) The original image do. b) The image with the inpainting region white.
c¢) The restored image d.

ditions (5)-(10), all information from the surrounding are a will be transported
into the inpainting region. If the Neumann boundary is used (25)-(26), it is
possible to choose which intensity value to be selected to ppagate into the
inpainting region. The result is shown in Figure 9. The resut using Dirichlet
boundary conditions is displayed in Figure 9 b). With =0.0001, t ; =0:01,
the normal vectors converged after 12000 iterations and wh t , = 0:2 the
second part converged after 25000 iterations. With a larger, the corners and
the boundary close to the corners may be smeared.

Figure 9 c) shows a similar test with Dirichlet conditions on the upper half
and with Neumann boundary conditions on the lower half of theboundary of
the inpainting region. From Figure 9 c) we see that only one ofthe colours
was selected and propagated to the interior.
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b)

Fig. 8. a) The image with the inpainting region white. b) The restore d image using
equations (5) and (10).

Example 4

In this example, we process an image from the match between Mway and
Croatia in the XIX Men's World Championship. We want to remov e the Croa-
tian player in Figure 10. When a Dirichlet condition is used around the whole
boundary, Figure 11 a), colours from the Norwegian players ppagate into the
background. To make it look natural, it is necessary to use Namann bound-
ary conditions around the two Norwegian players. The inpairting region and
the Neumann boundary are marked in Figure 11 b). Figure 11 c) Bows the
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a) b)

<)

Fig. 9. a) The image with the inpainting region marked. b) The image o btained with
Dirichlet boundary. ¢) The image obtained using Dirichlet a nd Neumann boundary
conditions.

restored image using this new boundary condition. When Neurann boundary
condition is used, the colour on the Neumann boundary does rtan uence
the interior.

Example 5

This example has more texture in the background. We want to renove the
snowboarder and Il in the missing region. It is not desirable that the yellow
object in the front propagates into the inpainting region. Figure 12 d) shows
that the best result is obtained with Neumann conditions on part of the
boundary.

4 Conclusion

In this work, we have proposed a method which uses two secondder equa-
tions to do image inpainting. The equations used here are siitar to the equa-
tions used in [2] and [3]. By imposing the zero divergence calition which



Image Inpainting Using a TV-Stokes Equation 17

Fig. 10. Animage from the match between Norway and Croatia in the XIX M en's
World Championship.

was not imposed in [2], it seems that our methods are able to mduce better
results when the inpainting region is rather large in diameer.

It is an interesting problem to study the existence and uniqueness for

the solution for the equations we used. We have observed numieally that
the gradient ow equations for (5) and (10) seem to have stabé and unique
solutions under the condition that the initial values are x ed.
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