FACULTY FOR MATHEMATICAL AND NATURAL
SCIENCES
UNIVERSITY OF TROMSY

DIPLOMA PROJECT

A Comparative Study of Active Contour
Models for Boundary Detection in Brain
Images

Vedad Hadziavdic



Contents

1 Foreword 5
2 Introduction 6
2.1 WhatisaSnake? . .. .. ... ... .. .. ... 7
2.2 Whatis a Deformable Template? . . . . .. ... ... ....... 9
2.3 WhatisaDynamicContour? . . . . ... ... ... ........ 10
2.4 The Objective oftheWork . . . . ... ... ... ... ...... 11
3 Classification 13
4 Representation of Parametric Deformable Contours 16
4.1 The Choice of Curve Representation . . . . .. ... ... ..... 16
4.2 Definition of the Parametric Curve Representing the Snake . . . . . 17
4.3 Arc Length as the Curve Parameter . . . ... ... ........ 17
44 SplineBasis . . . . . . . . 18
441 B-Splines . . ... .. .. .. ... . 18
442 Splines . ... ... ... .. 21
4.4.3 Cubic B-Splines and Polygon Approximation . . . . . . 21
4.4.4 Discussion on B-Splines as Basis for Snakes . .. . . . . 26
45 FourierBasis . . . .. ... 27
4.5.1 Fourier Series Representation of a Periodic Functions . . . . 27
4.5.2 Alternative Fourier Series Representation of a Real Periodic
Function . .. ... .. .. ... ... .. . . . 28
4.5.3 The Speed of Convergence of the Fourier Series - Trunca-
tionoftheSeries . . . . . .. ... L oL 30
4.5.4 Fourier Series Computational Algorithms . . . . . . .. .. 31
455 Fourier Basis Propertiesand Snakes . . . .. ... .. ... 34
45.6 Comparisonand Conclusion . . . . .. ... ........ 35
5 The Image Energy 36
5.1 Some Relevant Definitions from Vector Calculus . . . . . . .. .. 37
5.2 ImageEnergyModels. . . . . . ... ... o 38
5.2.1 TheOriginal ForceField . . . . ... ... ... ...... 38
5.2.2 The*“Balloon”ForceField . . ... ... ... ...... 45



5.2.3 The Gradient Vector Flow Force Field . . . . ... ... .. 46

5.3 ExperimentalResults . . . ... .. .. ... ... ... ..., 49
54 DISCUSSION . . . . . . o i e 113
Minimizing the Energy Functional 114
6.1 Calculusofvariations . . . . ... ... ... ... ......... 114
6.2 Computation of the Snake Evolution Equation . . . . . ... .. .. 116
Numerical Solutions to the Snake Evolution Equation 118
7.1 Finite Difference Method Applied to the Snake Evolution Equation . 118
7.1.1 Finite Difference Methods . . .... . .. . ... ... .. 119
7.2 Fourier Spectral Method Applied to the Snake Evolution Equation . 122
7.2.1 SpectralMethods .... . ... ... ... .. ....... 122
7.2.2 Fourier Spectral Method . . . . .. ... ... ... .... 122

7.3 A Fourier Spectral Algorithm for the Snake Evolution Equation . . 124
7.4 Dynamic Programming Solution to the Snake Evolution Equation . 124

7.4.1 Dynamic Programming: Continuous Case ...... . . . . 125
7.4.2 Dynamic Programming Algorithm for Snake Evolution E-
quation . . ... e 126
7.4.3 ExperimentalResults . . . ... ... ... ... ... 127
7.4.4 Comparison and Conclusion . . . .. ... ......... 133
A Statistical Approach to Snakes 135
8.1 Maximum Likelihood Estimators . . . ... ... .. ... .... 136
8.2 Snake Within the Bayesian Framework . . . . . . .. .. ... ... 137
Deformable Templates 138
9.1 Principles Behind Deformable Templates . . . . .. .. ... ... 139
9.1.1 Representation of Deformable Templates . . . . .. .. .. 139
9.1.2 Model Definition Framework . . .. . . . .. .. .. ... 139
9.1.3 Deformation Methods . . . . .... ... ... ...... 142
9.1.4 Principal Component Analysis .... . . . . ... ..... 145
9.2 An Overview of the Deformable Templates . . ... ... .. ... 147
9.2.1 TheHough Transform . ... ..... ... .. ... ... 147
9.2.2 Parametrically Deformable Models . . . . .. ... .. 151
9.2.3 Active Shape Point Distribution Model . . . ... ... .. 153



9.2.4 Deformable Template Approach to Some Specific Applica-

9.3 Deformable Template Model Proposed by Jainetal. .. .. . . ..
9.3.1 A Probabilistic Model of Deformation . . . .... . .. ..

9.3.2 A Priori Probability Function . .
9.3.3 Likelihood Function. . . . . . ... ... ... ......

9.3.4 A Posteriori Probability Function
10 Discussion
11 Conclusion

12 Acknowledgments

162

165

165



1 Foreword

Active contour models are an attractive approach to boundary detection in medical
images. Over the last ten years, numerous methods have been developed within
different theoretical frameworks.

There are few articles [39],[40] and books [6] that attempt to give an overview
of these methods within a structured framework. These works are, however, surveys
and not comparative studies.

The objective of this work is to

e study the theoretical frameworks of different active contour models

classify the methods according to several properties

compare their properties

implement some of the methods and test them on simulated and real images

determine which methods satisfy the requirements posed by the nature of the
medical images

Furthermore, the partial differential equation governing the so called snake,
which is an active contour model, has been implemented using implicit finite d-
ifference method [22], dynamic programming [16] and finite element method [13],
whereby the two first methods have been most frequently used in the literature.

In this work, a new algorithm based on Fourier spectral method will be devel-
oped. It will also be shown that it has better performance than the methods used in
literature.

This work was was done over the period of four month at the University of
Bergen and University of Tromsg. The medical images are the courtesy of the
Haukeland University Hospital.



2 Introduction

For a scientist, an image is an information carrier, but the information of interest
may not always be perceivable with the human eye only. It may be corrupted by
noise or simply be tied up with details and information of no interest so that it is not
useful for purposes. In such cases we may have to develop techniques to extract that
information from the image. This area of image processing is called image analysis.

The first and the most important step in image analysis is to segment the image
(often referred to as boundary estimation, boundary detection or object localiza-
tion). Segmentation subdivides an image into its constituent parts. Segmentation
algorithms for monochrome images generally are based on one of two basic proper-
ties of grey-level values: discontinuity and similarity. The first method partitions an
image based on abrupt changes in grey-level (isolated points, lines and edges) while
the second method is based on thresholding, region growing and region splitting and
merging [31].

In both of these methods, one employs only information present in image. The
problem with these methods is that the edges found do not necessarily correspond
to boundaries of objects. With the exception of high-quality images from controlled
environments, these methods produce spurious edges and gaps. They are of limited
use in general and of no use in poor-quality images. The limitation of these methods
is due to their complete reliance on information contained in the local neighborhood
of pixels in the image. They ignore both model-based information and higher order
organization of the image. Another problem associated with these methods is edge
grouping. After extracting edges from the image, they have to be grouped in order to
determine boundaries. This is usually done by first associating edge elements into
edge segments and then by associating segments into boundaries.These methods
often resort to arbitrary interpolation in order to complete boundary gaps. Further,
it is often difficult to identify and classify spurious edges. We might consider these
methods as low-level methods.

Alternatively, one may use high-level segmentation methods, high-level mean-
ing that a priori knowledge about shape, texture, color, or position of the object in
question is somehow included in the search procedure. In this work, a group of
high-level methods, the so called active shape models, is investigated. Active shape
models encompass several approaches to object segmentation: snakes, deformable
templates and dynamic contours. Before we start a more formal mathematical anal-



ysis of those methods, lets to try get an intuitive understanding of the idea behind
them.

2.1 Whatis a Snake?

Snake is a parametric curve defined within domain of an image. All snake properties
and its behavior is specified through a function called energy functional by analogy
with physical systems. A partial differential equation controlling the snake causes
it to evolve so as to reduce its energy. The physical analogy can be extended, and
the motion of the snake can be viewed as being due to simulated forces acting upon
it. In order to gain an intuitive understanding of the snake model, it is therefore
suitable to compare it with a real physical model.

Let us view the edge map of the image as a landscape on which the parametric
curve can slither. A force is acting upon the curve and it is moving across the
landscape trying to reach the energy equilibrium. The model driving it across the
landscape has two components: one telling the snake how to behave (to preserve
the original shape, to develop a corner etc.), another one instructing it where to
go. We want the curve to cling to the boundary of a specific object in the scene.
The boundary can be recognized as low values of the negative edge map, so the
equilibrium equation should be set up in such a way that the curve tends to minimize
the term involving the negative edge map, or as we will denote it - the potential
energy of the dynamic system. Since we know the general shape of the object in
guestion, we may design the evolution equation in such a way that the snake easily
can embrace the object; it may have to be elastic, stiff, be able to develop a corner
or similar.

Now, as we understand the idea, we have to design the system mathematically
in order to be able to implement it. The first snake model was proposed by Kass
[22] in 1987. The energy functional which the snake was to minimize in order to
achieve equilibrium was defined as following

Bonate = / {Eunt(V(5)) + Eumage (v(5)) }ds (2.1)

where the position of the snake on the image is represented parametrically by a
planar curvev(s) = (x(s),y(s)), Eim: represents the internal energy of the curve
due to the bending and th€,,.,. represents the image forces pushing the snake



toward the desired object. The proposed internal energy model was defined as
By = (a(s)|vs(s)* + B(s)|vss(s)[*)/2, s €[0,1] (2.2)

wherev,(s) is the first derivative andr,,(s) the second derivative of(s) with
respect tos. Note that we assume continuous image and curve coordinates. In
applications, we work with digital images and a discretization must be formulated.

Since the object in interest should be recognized by the snake as a set of low
values on the negative edge map, i.e. spatial gradient magnitude, the model for the
image energy was defined as

Eext = —|V[(!L‘,y)|2 (23)

if the object was homogeneous inside (both the boundary and the area inside the
boundary have approximately the same grey level) or

Eemt — —I([L', y) (24)

if the image is a line drawing (black on white). The tef(r, y) represents the grey
level values of the image.

Lets now try to analyze it by viewing it in terms of our intuitive landscape mod-
el. The first derivative of (s) with respect to; gives us the rate of change of length
of the curve, which means the longitudinal contraction of the curve. The coefficient
a(s) allows the curve to have smaller or larger degree of contraction and therefore
makes the snake act like an elastic string. Large values of mean large con-
traction of the snake in the direction of the force. Therefore(is denoted as the
elasticity coefficient.

The second derivative gives us the rate of convexity or the curvature. The coef-
ficient 3(s) regulates than the rate of the change of the curve in the direction normal
to its boundary. This term makes the snake act like a rigid string. That means that
the curve preserves the smoothness, the straight -line shape but does not contract.
If the value of$3(s) is high the curve is hard and resists bending, while small values
of 3(s) is small allow the curve to develop a corner. By adjusting these two coeffi-
cients, the curve gets an appropriate elasticity and is able to embrace the object of
interest.

The second energy term is easy to interpret. We can regard the image intensity
function as a landscape and the snake is rolling down to a valley driven by a gravity
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alike force . If we think of the low values of the negative edge map as the valley,
calculate the edge map over the image and make the snake go in the direction of the
minima on the edge map, it will roll to the valley and stay there.

Having defined the various energy terms that derive the snake, the initial position
must be interactively specified by the user.

Those are the principles behind the snake. It will be shown later that this model
may be improved in many ways to be able to estimate a variety of complex object.

2.2 Whatis a Deformable Template?

Deformable templates constitute another important approach to object estimation.
The mathematical background of the deformable templates can be traced back to
the shape class description based on pattern theory [32].

This approach employs prior knowledge about the shape of the object in a direct
manner. This prior shape information is specified as a sketch, binary template or a
parametric prototype. The a priori information is than encoded either in the form of
edge information from a binary template or the parameter vector. That information
does not need to be exact in the sense that it matches the boundaries of the image
exactly.

We may say that the difference between snakes and deformable templates is
that snakes are form-free energy minimizing functions. In snakes model, there is
no global structure of the curve except for some general regularization constraints
such as continuity and smoothness of the boundary. On the other hand, parametric
deformable templates control deformations using a set of parameters which are ca-
pable of encoding a specific shape. This type of model is used when more specific
shape information is available, which can be described either by a binary temple or
a set of parameters.

The prototype template describes one and the most likely instance of the ob-
ject shape.We apply a parametric transformation to the prototype and deform its
boundaries varying the deformation parameters in order to capture a large variety
of possible instances. If the object in interest is of biological nature, the form will
resemble, but still vary from individual to individual. Those small variations may be
captured by the random deformations of the prototype, so that a deformed template
may match the object in interest better then the original template. Objects may also
be noise corrupted or degraded in some way so that the original shape is lost. In that



case too a deformed template may match the object better than the original one.

Using an appropriate edge detector [48], we extract boundaries of the objects in
the image. Then, we match all found objects with our template base and check for
similar objects by aligning the templates in the data base with the image in question
using some potential energy function.

We can simplify and improve detection further by imposing a probability dis-
tribution on the images in the data base. Since not all transformations result in
templates that visually resemble the prototype template, and all the prior shape in-
formation is represented in the prototype template, it is natural to assume that the
prototype template is the most likely a priori shape of the object. Further, small
deformations that leave the template similar to its original shape are more likely
than larger displacements. Therefore, we impose a probability distribution on the
images in data base to bias the possible deformed templates. Varying parameters of
the distribution, we adjust the confidence about our prototype template.

Having understood the idea behind deformable templates, the distinction be-
tween low- and high-level methods becomes clear and we see how did they get their
respective names. In order to project a shape found in an image onto the shape
base, we have to extract that shape from the image. For this purpose are low-level
methods suitable. We might say that they operate on a lower level doing the rough
part of the work - extracting objects - while the high-level methods are analyzing
the results and making a decision.

It will be shown that there are many ways to generate a prototype template,
deform it and make a decision as to which template resembles the object most.

2.3 What is a Dynamic Contour?

Dynamic contours will not be discussed in this work but a short description will

be given [6], [41]. Itis also important to mention that both snakes and deformable
templates may be labeled as dynamic contours because they show dynamic behav-
ior. In this work we will, however, reserve this label for a specific group of active
contours.

Active contours can be applied either statically, to single images, or dynamically
to image sequences. In dynamical applications, some additional moments may be
incorporated in the model to convey any prior knowledge about object motions and
deformation. As opposed to snake where only the the active contour is varying,
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in dynamic contours the edge map is varying too and the snake is applied on a
sequence of images. The equation of motion for such a system extends from the
snake model to a new model with additional terms governing inertia and viscosity.

This group of active contours find their applications in motion tracking, traffic
monitoring, visual speech recognition and so on.

2.4 The Objective of the Work

The underlying application domain for this work is medical imaging. Medical imag-
ing allows scientists to observe anatomic structures inside the human body in a
non-invasive way. The technological advances within medical imaging and med-
ical image analysis have had a great impact on the medicine, both within clinical
and research applications. It has expanded beyond simple visualization of anatomic
structures and become a tool in surgical planning and simulation, intra-operative
navigation, diagnosis, tracking the progress of a disease etc. As a tool in the med-
ical research, medical imaging has for example become an ireplacable aid in brain
research applications such as cognitive psychology and morphological analysis of
brain structures.

As it was mentioned in the introductory part of this chapter, the problem of ex-
tracting information form images is the most important and challenging problem in
the image analysis. Modern medical imaging devices such as PET, CT and espe-
cially MR, provide visually satisfactory images of the internal human organs. Prob-
lems arise when we want to utilize computers in order to automate the extraction
of information from an image set. In order to support a wide range of biomedical
investigations, that frequently require large sets of image data in order to reach a
reliable conclusion, there is a need for a fully automated computer aided methods
for information extracting. The computer programs that implement these methods
should be able to operate on different types of images with different objects of inter-
est. In addition, it may be required that the program is operative by personnel with
no profound technical or medical training. This means that the interaction between
the user and the computer interface should be minimal.

As it is shown throughout this work, many active contour models give satisfac-
tory results in some specific situations but fail to meet the requirements mentioned
above. The contours may be too rigid and therefore unable to capture complexity
of anatomic structures or they may be designed for a specific problem and can not
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be used on a variety of shapes. Another problem which arises in some models is a
time consuming preprocessing of the images required to create a model capable of
detecting a specific structure. It is often required to study a so called training set
which is a set of images containing the object which is to be segmented. The train-
ing set is used to collect statistical information about the object. This information
is then integrated in the search model. In some models, collecting the information
requires correctly placing control points on the shapes in the training set. Thisis a
task for someone familiar with the application to choose the most appropriate set of
points and to be able to reproducibly place them on different examples. In addition
to being time consuming, this process can lead to a model which is incapable of
capturing the variability of the shape if the control points are not placed correctly.
Even though, these models give satisfactory results in some applications, they are
not well suited for large scale automated processing of images in clinical applica-
tions.

In this work we will take a look at the representatives of different classes of
active contour models, study them theoretically, then choose those which are may
be applicable in the applications mentioned above and study them closer. What we
will try to determine is how “good” different active contour models are for medi-
cal image segmentation. We will also classify these methods according to several
different criteria.

Another original contribution of this work is the Fourier spectral algorithm for
iterating the evolution equation, which has not been used in the literature.
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3 Classification

Active contour models can be classified according to several different criteria.

One of the classifications is based on the “flexibility” of the active contour in
was proposed in a slightly modified version by Jain [17]. The active contour models
proposed in the literature can be accordingly partitioned in two classes

e Free form active contour models
e Limited form active contour models

In the free form active contour models, there is no global structure of the contour;
it is constrained only by local continuity and smoothness constraints. The snakes
mentioned in the previous chapter are free form active contours [30], [6], [12],
[13], [49], [16], [20], [22], [28], [33] [42], [45]. These models do not use a priori
information about the shape in a direct manner. This information is on the other
hand used in adjusting the model parameters so that the contour possesses properties
(elasticity, rigidness, etc.) that enable it to embrace the object of interest.

The limited form active contour models use a priori information about the ge-
ometrical shape directly. This information is available in the form of a sketch or
a parameter vector that encodes the shape of interest. The geometric shape of the
contour is adjusted by varying the parameters. Deformable templates from the in-
troduction are limited form active contour models [4], [6], [10], [15] [17], [18],
[23], [24], [25], [26], [27], [37], [47]. The reason that we call these models limited
is the fact that they can not take any arbitrary shape. The variability of the shape
is limited by the prototype template. parameterization and the way we generate de-
formed templates. We will take a closer look at both free form and limited form
active contours.

Another criteria for classification can be the way the image information is u-
tilized to align the active contour with the object of interest. The models can be
accordingly classified into

¢ Region-based models

e Boundary-based models

Region based models derive a contour representation from the segmentation of the
image into well defined regions. The image is examined point-wise in order to de-
cide if a pixel belongs inside an object, outside all objects or at the object boundary.
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A pixel belongs to the boundary if it is in the object region and has neighbors in the
background. This segmentation is then used to produce an image force field which
aligns the active contour with object of interest.

Edge-based methods use a continuous approximation of the original image in-
tensity function so that the boundary can be characterized by a differential property.
By point-wise examination of the image, a pixel is said to belong to the boundary if
itis a local maximum of the image gradient. In this boundary detection process, the
fact that these boundary points constitute a closed geometric contour is not taken
into account. In Figures these two criteria are illustrated, were arrows represent the
force field which attracts the contour to the object boundary.

Figure 2. Region-based external forces acting on the contour

The methods in [15], [23] and [42] are region-based methods. The rest of the
methods in the literature are edge-based.

Image force field is easily computed for the edge based methods from a potential
energy function. In region-based models, it is more complicated. One can not use
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the potential function since it only defines boundaries and is therefore not a function
in the image plane which is required for the image segmentation.s
Because of the limited scope o this work, we will only study edge-based models.
Yet another classification partitions the active contours into

e Parametric active contours
¢ Non-parametric active contours

This classification can be ambiguous in some cases. A parametric active contour
is a contour that is represented by a small number of parameters that capture the
shape of the object. If the parameterization is achieved by expressing the curve in
terms of a basis, where the discrete function representing the curve is expressed as
a weighted sum of a set of known functions, distinction between parametric and
non-parametric contours is clear. First, there is a parameter space different from
the physical space where the curve is initially defined. Second, different bases give
parameter spaces with different properties and third, some of the operations that are
performed on the contour are can be defined in the parameter space. Examples of
such parameterizations are Fourier, B-spline and Wavelet representation.

If on the other hand, the parameters are some characteristic points on the contour
in the physical space, as itis the case in the Point Distribution Model explained later,
there is no distinct parameter space. In addition, the parameter vector is just a set of
points of the contour which are sufficient do describe the shape of the curve. This
set can be extended to contain all contain all contour points available if the shape is
very complex. In this case, there is no clear distinction between the parametric and
non-parametric representation.

In this work, both of these classes are investigated.

Another classification can be made based on the model definition framework

e Physical active contours
e Statistical active contours

These two classes are actually equivalent and they differ in interpretation of the
terms in the model. There are, however, some differences and they will be made
clear later in the work.

In the next chapter, we will take a look at the parametric representation of active
contours.
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4 Representation of Parametric Deformable Contours

A parametric deformable contour is constructed as a weighted sum of some bases
function and the expansion coefficients constitute the parameter vector. From many
basis to choose, Fourier and B-Spline basis have been most frequently used in com-
puter vision. Each parameterization has particular properties that make it suitable
for different purposes. Some restrictions that may be comprised within some basis
representations (such as smoothness or continuity) can be convenient because the
necessary constraints are build directly into the representation and they do not have
to be regularized subsequently. It is also desirable for the parameterization to be
concise that determines the complexity of the optimization process.

Before considering any of these bases, lets define mathematically some of the
terms we have used so far and introduce an appropriate notation.

4.1 The Choice of Curve Representation

There are three ways of expressing a curve which are normally used. Thes are the
following:

1. explicit:y = f(x)
2. implicit: f(z,y) =0
3. parametric x = z(t),y = y(t)

The difficulties associated with (i) are that it is impossible to get multiple valugs of

for a singlerx, so that closed curves such as circles and ellipses, must be represented
by multiple curve segments. Further, it is difficult to represent a curve with the
vertical tangent, since a slope of infinity is difficult to represent. Since the curve
representing the snake often has both of those properties, the explicit representation
is not well suited for it.

The problems with the implicit representation are the following: the equation
may have more than one solution. For example, the implicit equation of a circle
is 22 + 2 = 1. Should we want to model a half circle, we would have to add
constraints such as > 0 which can not be contained within the explicit equa-
tion. Furthermore, if two implicitly defined segments are joined together, it may be
difficult to determine if their tangent directions agree at the point.
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The parametric representation for curves= z(t),y = y(t) overcomes the
problems caused by implicit or explicit forms. We can get multiple valuesfof a
singlex on the plot since we do not plgtagainst: but we plot bothr andy against
a third variable, which is not shown on the plot. The parametric curve form solves
the slope of infinity problem too, since it replaces the use of geometric slopes with
parametric tangent vector which is never infinite.

4.2 Definition of the Parametric Curve Representing the Snake

Let # € © denote the parameter vector of a closed contour wReie the space

of all configurations and deformations of the closed curves. The number of ele-

ments in the the parameterization vector is the order of parameterization. In Fourier
representation it is the number of Fourier descriptors (coefficients), in Spline repre-

sentation it is the number of control points. The curve represented by such a vector
is a continuous, periodic, vector functietis) = [z(s), y(s)], of periodL (in Fouri-

er representatioh = 27, in B-Spline representatioh is an arbitrary real number);

its N-point discrete version is@ x 2) vector

Vo Zo Yo
\Y% T
v=| =T (4.1)
VN-1 IN-1 YN-—1

wherev; = v[iL/(N —1)]fori=0,1,... ,N —1
Now, given a parameter vector, we construct a deterministic operattefined
on ©, that map¥ into v, i.e. we writev = V6.

4.3 Arc Length as the Curve Parameter

A single parametric curve can be represented by more then one vector function
depending on the choice of the parameter.
Suppose that’ is a piecewise-smooth curve given by a vector function

v(t) =[z(t),y(t)] = =(D)i+ y(t)] (4.2)

wherei andj are unit vectors along theandy axis, respectively. We define the arc
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length function of C by

1) = [ Wl

y dr\? dy\?
-/ (@) *(@) o

whereu is a dummy integration variable.

(4.3)

Thus,i(s) is the length of the part of C betweetia) andv(s). Itis often useful
to parameterize a curve with respect to arc length, because arc length length arises
naturally from the shape of the curve and does not depend on particular coordinate
system.

4.4 Spline Basis

One of the most frequently used curve representations in the computer vision is
the B-spline representation. It is important to distinguish between splines and B-
splines. B-splines are polynomial functions with minimal support. Splines are lin-
ear combinations of B-splines. In the literature, splines are usually defined as a
divided difference of a truncated power function. For computational purposes, it is
more convenient to define splines via the recurrence relation [14], [21],[11].

4.4.1 B-Splines

The starting point for all splines is a nondecreasing knot sequenee(s;). B-
splines of ordef are the characteristic functions of this partition

1, if 5i <8< Sjp1
Bio(s) = | (4.4)
0, otherwise

where:= denotes “equality by definition”. The only constraint is that these B-
splines should form a partition of unity, i.e.,

> Bio(s) =1, forall s (4.5)
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Figure 3: First order B-spline

In particular
S; = Sit+1 |mp|leS Bi,O =0 (46)

From these first-order B-splines we obtain higher-order B-splines by recurrence:

Bij = wipBir-1+ (1 —wiy16)Biv1k—1 (4.7)
with
S—S; 1 . .
Wi o= QLT o7 i (4.8)

0, otherwise

Thus, the second-order B-spline is given by
Bi1 =wi2Bio+ (1 —wit12)Bit1p (4.9)

and so consists in general of two nontrivial linear pieces which join continuously to
form a piecewise linear function which vanishes outside the intésyal; 5].
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Figure 4. Second order B-spline

The third order B-spline is given by
Bis =w;3Bis+ (1 — wit13)Bit12
= w; 3w + (Wi3(1 — wit1,2)(1 — wit1,3)wit1,2)Bit1,0 + (4.10)
+ (1 = wiy13)(1 — wit22)Biva,

So, B, ;3 consists of3 (nontrivial) quadratic pieces.
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Figure 5: Third order B-spline

After k — 1 steps of the recurrence, we obtd, in the form

i+k—1

Bix= Y biuBjo (4.11)
j=1

with eachb,;, polynomial of degree< k since it is the sum of products éf— 1
polynomials.
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Many properties of B-splines are derived most easily by considering not just
one B-spline but the linear span of all B-splines of given ordéor a given knot
sequencas and this brings us to splines.

4.4.2 Splines

A spline of orderk with knot sequence is, by definition, a linear combination of
the B-splinesB; ,, associated with that knot sequence. We denote by

Slc,s = ZBZ',]CUJZ' ca; €ER (412)

the collection of all such splines. We will pay special attention to the following knot
sequence

Z:=(-,-2,-1,0,1,2,--") (4.13)

which is the set of all integers.

The spline associated with this knot sequence is called a cardinal spline. Be-
cause of the uniformity of the knot sequenge formulae involving cardinal B-
splines are often much simpler than corresponding formulae for general B-splines.
To begin with, all cardinal B-splines (of a given order) are translates of one another.
With the natural indexing; := ¢, for all 7, we have

Ny := Ni(s) := By (4.14)
and
Bi = Ni(s — i) (4.15)
The recurrence relatiof®) simplifies as follows
(k —1)Ng(s) = sNi_1(s) + (k — s)Np_1(s — 1) (4.16)

4.4.3 Cubic B-Splines and Polygon Approximation

Now, we will take a closer look at the B-spline theory that is relevant for our snake
applications.

The reason for choosing B-splines and not so called natural splines which we are
familiar with from the classical interpolation theory, is the so called local control
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property of the B-splines. The polynomial coefficients of the natural splines are
dependent on alN control points. Their calculation involves inverting\a+ 1 x

N + 1 matrix. This has two disadvantages: moving one control point affects the
entire curve and the computation time needed to invert the matrix can interfere with
rapid interactive reshaping of a curve. B-splines, on the other hand, consist of curve
segments depending on just a few control points. This is called the local control.
Thus, moving a control point affects only a small part of the curve. B-splines have
the same continuity as the natural splines but do not interpolate their control points.
Therefore, we speak of polygon approximation and not of interpolation of control
points.

The first step would be to choose the order of the basis splines in order to achieve
the desired smoothness and still maintain reasonable computational efficiency. We
choose cubic splines, which means the splines of ordét; 3(¢). The reasons are
following:

1. The lower-degree polynomials give too little flexibility in controlling the shape
of the curve. Thel. order splines (straight lines) do not give satisfacto-
ry smoothness of the approximating curve. Pherder splines (quadratic
curves) give a smooth curve but a problem arises at the points where different
curve segments join. In order to understand this problem we introduce a new
criterion:

Definition 1 Let@);(s) denote a curve segment. If the direction and the mag-
nitude of £-Q);(s) and 4-Q,+(s) are equal at the join point, the curve con-
sisting of these to segments is calét continuous.

The 2. order splines ar€® andC' continuous, which does not insure a sat-
isfactory continuity at the joint points. The problem is solved by using cubic
splines which are ar€?,C'* andC? continuous.

2. The higher-degree polynomials are more time-consuming in the computation-
al process and can introduce unwanted wiggles. The curve might “wiggle”
back and forth in ways that are difficult to control.

3. We say that cubic splines give “satisfactory” continuity because it is found
that the eye can not detect a geometric discontinuity of degree higher than
two and it is sufficient in practice to consider splines of degree three.
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In the rest of the chapter we will introduce the mathematical formalism for the
shake curve as a weighted sum of B-splines.
Parametric spline curves

v[s] = (x[s], y[s]) (4.17)
have coordinates|s| andy|s], each of which is a spline function of the curve pa-
rameters, 0 < s < 1. SinceB, 4, the cardinal cubic B-spline, has been used in the
snake model throughout the literature, we will from now on denote B,aand use
it in further work. We will now define a spline curve in the plane representing the
shake.

For each basis functioB; a control poiniy; = [¢7, ¢/] is defined and the snake
curve is a weighted sum of control points

v[s] =Y Bilsla; (4.18)
=0

which becomes a smooth curve that follows approximately “the control polygon”
defined by linking control points by lines.

Figure 6: Potential field of the image in Fig

Now we introduce a more compact notation for the the control points by defining
a space of control vectois, consisting of

Q* e .
Q= (Qy> where Q* = : (4.19)
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Then the coordinate functions can be written as

x[s] = B[s]"Q" (4.20)
and

yls] = Bls]" Q” (4.21)
whereB|s] = (By|s], Bi[s],- - - , Bv_1[s])T is a vector of B-spline functions. The

parametric curve’[s| becomes then

v[s] =U[s]Q for 0<s<1 (4.22)
where
_ T _ B[s]" 0
Uls] =1, ® B[s|]" = ( 0 B[s]T> (4.23)

where® denotes the Kronecker product.

Comparing this result with our definition of the snake curve in the section 4.2,
we see that we can interpret the set of control points defining the spline as the
parameter vector

0=laya] ---q;] (4.24)
describing the shape of the curve. The matrix opergt@rin this case
v =V0 = Bf (4.25)

where the elements of the matiare given by B];; = B;(27j /(N — 1)).

We can rewrite the expression (4.18) further. Restricfihg| to the interval
[si, si+1], we can identify it with a polynomial is of degree< k. We will always
assume in this section that the interfal s;, ] is in fact[0, 1]; this can be obtained
with an affine change of variable. Eadh[s] is a polynomial ins which may be
written as its Taylor series &t We may therefore write

(Bi_g[s], -+, Bi[s]) = (1,s,...,s" )M (4.26)

whereM is a (k + 1) x (k + 1) matrix. The curvev is thus represented in the

24



following matrix form

4y
z[s] = (1,s,...,s" )M : and
qn—
Nt (4.27)
7
yls] = (1, s,. ,sk)l\/[ :
q?\,_l

Now let us assume that we have a set of control pdintsy;). First we param-
eterize the set:

wls] = xi  ylsi] = ti; (4.28)

wheres;, 0 < i < N — 1 are evenly spaced points - integers - on the real axis. We
parameterize the curve for the reasons explained in the beginning of the chapter,
and knots are chosen to be evenly spaced since it leads to cardinal splines which are
easier and less computational costly to generate than the non-uniform splines.

Next, we generate the splines using the recurrence formulae (4.7). We notice
that each spline of odédris locally controlled by three knots, splines of ordeare
locally controlled by four knots and splines of ordeare controlled by five knots.
We begin by computing the expression®|s| on each intervdls;, s;11],0 < i <3
and the knots are, 1, 2, 3, 4.

Byls] = Boals] = 5 (sBuals] + (4 — )Busls)

Boals] = 5(sBoals] + (3~ 9)Busls)

Byols] = %((s — 1)Bia[s] + (4 = 5)Baa[s]) (4.29)

By 1[s] = sByols] + (2 — s)Bils]
B171[S] = (S — ].)Bl 0[8] + (3 — S)B2 0[8]
) )

) )

BQJ[S] = (S -2 BQ’O[S] —+ (4 — S 33’0[8]
which gives
(%33, for 0<s<1
£(=3s% + 1257 — 125 + 4), for 1<s<?2
Bls] = « (4.30)
£(35% — 245% + 60s — 44), for 2<s<3
[ 5(4—5)? = $(—s*+ 125 — 485+ 64), for 3<s<4
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On the interval0, 1], the functionz[s] reduces than to (say fats| and correspond-
ingly for y[s])

Bls + 3]¢"5 + Bls + 2]¢", + B[s + 1]¢", + B[s]q¢¢
1

= 6[(1 —5)3¢%, + (3(s +2)% — 24(s + 2)% + 60(s + 2) — 44)¢%,

+(=3(s+ 1) +12(s + 1) = 12(s + 1) + 4)¢", + 5°¢]] (4.31)
1
= 6[(—53 + 352 — 354+ 1)¢"5 + (3s® — 657 + 4)¢",

+ (=55 4+ 35> + 35 + 1)¢", + 5°¢f]

and correspondingly fay[s]. It gives the following matrix representation

1 4 1 0 q°s
1 -3 0 3 0 T
xls] = 6(1, 5,57, 5°) ; 6 3 0 Z;Q (4.32)
- -1
13 3 1) \g

The portion of the curve|s| (and correspondingly|s]) corresponding té < s +
1 < ¢+ 1 is written with the same matrix as

14 1 0\ (¢,
1 -3 0 3 0 r
zls] = 5 (L5, 5%, s%) s 6 3 0 Z;2 (4.33)
- i—1
1 3 -3 1) \ g

4.4.4 Discussion on B-Splines as Basis for Snakes

When constructing a snake, it is convenient to chose a set of control points on the
image and than generate the snake as an approximation to the polygon which arises
by connecting the point with straight lines. The question is why to choose the spline
representation?

e Splines are polynomial, and being polynomial they can be evaluated efficient-
ly on computer.

e They are piecewise polynomial which makes them very flexible.

e They can be represented as a linear combination of B-splines and this repre-
sentation provides geometric information and insight.
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e The snake curve is closed which implies periodicity. This is easily achieved
by treating the parametems periodic.

e In the snake model it is important that the curve is smooth. We impose con-
straints on the curve in the energy model in order to give it flexibility and
smoothness. But the splines minimize the deformation-like energy so the
search for the solution-curve may be confined to a set of such functions under
the action of the image potential. The choice of the cubic-spline as basis-
spline is a pragmatic approach. The linear spline does not give a smooth
function since the first derivative of the function is not continuous. The cubic
spline gives satisfactory smoothness while it still is computationally relatively
efficient.

e Splines preserve the shape which means that a spline has the same shape as
its control polygon, or more precisely: A spline crosses any straight line no
more often than does its control polygon. In particular, if the control polygon
is monotone (convex), then so is the spline.

All these properties make B-splines a very popular choice for curve represen-
tation. We will compare it with another parameterization which has been used to
represent the active contour models, Fourier series representation.

4.5 Fourier Basis

In this chapter the Fourier series description of discrete-time periodic functions will
be discussed. The Fourier series representation of a discrete time periodic function
is a finite series. As a consequence, there are no mathematical issues of existence
of convergence. What will be of interest to us is the speed of convergence since
we will truncate the Fourier series to make computations more efficient [19],[31],
[36],[38].

4.5.1 Fourier Series Representation of a Periodic Functions
A discrete time function:[n] is periodic with periodV if
#[n] = a[n + N] (4.34)

The fundamental period is the smallest positive inte§jeor which (4.40) holds,
andw, = 27 /N is the fundamental frequency.
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We want to expand the function in terms of an finite sequence of orthogonal
functions

pp[n] = e*Fon k= 0,+1,£2, ... (4.35)

It can be shown that such an expansion exists for all periodic functipfhsnd
the conversion formulas are

N-—1

z[n] =Y ape?®o™  (synthesis) (4.36)
k=0
1 N-1

ar =5 > x[n]e=*on  (analysis) (4.37)

=0

3

Discrete time complex exponentiai&«~o which differ in frequency by a mul-
tiple of 27 are identical, i.e.

6jkw0n — ejlc(w0+m27r)n — 6jkw0n (438)
and so are the expansion coefficients in period which is a multiplé of
A = Q4+mN (439)

In this Fourier series representation, one seVatoefficients{a, } is generat-
ed. There is, however, another representation which can be used for real periodic
functions. It is actually a reformulation of the approach just described, where the
fact that the function is real is used. Staib [47] used this alternative approach in his
deformable template model.

4.5.2 Alternative Fourier Series Representation of a Real Periodic Function

Suppose that[n] is real and that it can be represented in the form

z[n] = apeton (4.40)
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The coefficient formula may be rewritten using Euler equation for the trigonometric
form of the complex exponential in the following way

| N2
= 5 x[n]eIkwon
n=0
| N2
= — Y z[n](cos(kwon) — jsin(kwon))
NS ° ° (4.41)
| N2 | N2
=~ 2 x[n] cos(kwon) — jﬁ 2 x[n] sin(kwon)
= Ay — By
where
| N2
A = N ; x[n] cos(kwon) (4.42)
| N
B, = N g x[n] sin(kwon) (4.43)

The syntheses formula becomes

N-1
wln] = ) (A — jBy)e’™"
k=0
N-1
= Y (Ag — jBy)(cos(kwon) + jsin(kwon))
k=0
N-1
= Y (Agcos(kwon) + By sin(kwon)) + j(Ag sin(kwon) — By cos(kwon))
k=0

(4.44)

Since the functiorx[n] is real, the imaginary part of the syntheses formula has to
be equab. The formula (4.50) becomes then

zln] = ) (Agcos(kwon) + By sin(kwon)) (4.45)

In this representation, the parameter vector hsiselements while the formula
(4.42) producesV parameters.

Through the literature both the original and the alternative Fourier series repre-
sentation of a real periodic signal have been used to represent the snake curve.
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4.5.3 The Speed of Convergence of the Fourier Series - Truncation of the Se-
ries

When dealing with a periodic function, we know that all frequency information
needed to achieve the perfect reconstruction of the function is contained within the
range of the fundamental frequency. But what if we want to reduce that informa-
tion for computational purpose by truncating the series? How will that change the
function.

We define the norm of a discrete periodic functign| with period N as

N-1 1/2
||| = (Z |«’f[n]|2> (4.46)
n=0

and Parseval’s identity

N-1
] =N faxf? (4.47)
k=0
Denote the truncated Fourier series by

M
Bn] = ape/™" M <N -1 (4.48)
k=0

By Parseval's identity, we have

N
|z — 2|| = (N > |ak|2> (4.49)

k=M+1

and if z is sufficiently smooth,

N
A 2
Jnaz |zln] — {n]| < k_EMH |ay] (4.50)

This shows that the size of the error created by replacingth its A/-th order
truncated Fourier series depends upon how fast the Fourier coefficiandgody to
zero. This in turn depends on the regularity:oh the domain of0, N —1]. We say
that a function is regular at a point in the domain if it is defined and differentiable
at that point. It can be shown that if the functiefn| is periodic andm-times
differentiable on the domain then the Fourier series coefficients decay as

ap, = O(k™™) (4.51)
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From this we see that if function does not have sharp peaks or other abrupt
changes which would lead to discontinuities of higher derivatives, we can use very
few coefficients to describe the function without any visible information loss, be-
cause only few first coefficients would significantly differ from zero.

In the next section we will show how we can use the Fourier series represen-
tation to describe the snake curve and we will show on examples some things we
stated here.

4.5.4 Fourier Series Computational Algorithms

We will present two ways of calculating the Fourier series expansion for a snake
curve. The first one reduces a two-dimensional problem (a plane curve) to a one
dimensional problem, thereby reducing the number of calculations [31]. The second
one uses the alternative Fourier series representation of a real periodic signal and
exploits the connection between the expansion coefficients and the FFT algorithm
[47].

Lets say we have a N-point digital boundaryi plane as shown in Figure

Figure 7: A digital boundary

Starting at an arbitrary poirit:g, yo), coordinate pairéxg, yo), (1, y1),
(2,y2), ..., (xn_1,yn—_1) @re encountered in traversing the boundary, say, clock-
wise. These coordinates can be expressed in thefokin= z;, andy (k) = y, and
the boundary itself(k) = [z(k),y(k)], fork =0,1,2,..., N — 1. Moreover, each
coordinate pair can treated as a complex number so that

s(k) = x(k) + iy(k) (4.52)
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This representation reduceg-® to al-D problem. The discrete Fourier transform
of s(k) is

1 N—-1
S(w) = N s(k)et2mwk/N (4.53)
k=0
forw = 0,1,2,...,N — 1 The complex coefficient§'(w) are often called the

Fourier descriptors of the boundary. The inverse Fourier transform df(thgis
N-1
s(k) = S(w)e?mh/N (4.54)
w=0

fork =0,1,2,...,N — 1. Suppose, however that only the fifgt coefficients are
used in the reconstruction, which is equivalent to setfifig) = 0 for w > M — 1.
The results is the following approximation £0)

M—-1

(k) = s(k)emk/N (4.55)

w=0
fork=0,1,2,... ,N — 1.
Although onlyM terms are used to obtain each componetbf, £ still ranges
from 0 to V — 1. The results of the truncation are shown in Figure 7.

Figure 8: The curve before truncation
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Figure 9: The curve after truncating two frequency coefficients

Figure 10: The curve after truncating half of the frequencies

Another approach to computing the Fourier series expansion coefficients is based
on the alternative Fourier series representation discussed in section 4.5.2, where .

N-1
z[n] = A§ + ) (Ajcos(kwon) + By sin(kwon))

k=1

= (4.56)
y[n] = AL+ > (Ajcos(kwon) + B} sin(kwon))

k=1

In this case we do not convert the real two-dimensional problem in to a complex
one-dimensional problem. We treat each of the coordinates separately and exploit
the connection between the alternative Fourier series representation coefficients and
the FFT (Fast Fourier Transform) coefficients. We start by computing the FFT
coefficients forz[n| andy[n]| which we denote by [k] andY [k]. It can be shown
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that we can calculate the coefficient§, BY, AY, B} by

AT = 2X[1]/N
AY =2V [1]/N

AT = 2R(X [k +1])/N
Bf = 2I(X[k +1])/N
AY = 2R(Y[k +1])/N
BY = 2Z(Y[k +1])/N

(4.57)

whereR andZ represent the real and the imaginary part of the numbers.

The first algorithm reduces the number of computations but does not use FFT
which speeds up computations. If the number of points is a power of two, the FFT
algorithm can be used in the second approach and both methods turn out to use
same computational time. If the number of points is not a power of two, the first
algorithm uses less time for computation.

4.5.5 Fourier Basis Properties and Snakes

The Fourier basis is well suited for representation of curves which do not have
high gradients. The reason is that we may keep only few low-order coefficients in
the truncation process and still capture gross shape. This makes the Fourier basis
representation of the snake computationally efficient. Another desired property of
the snake parameters is the insensitivity to translation rotation and scale changes.
The Fourier coefficients are not insensitive to these geometrical changes of the curve
but the they can be related in a simple manner to the corresponding transformations
on the coefficients.

Trans formation Boundary FourierCoef f.
Identity s(k) a(u)
Rotation s, (k) = s(k)e’? ar(u) = a(u)e’?

Translation | sy(k) = s(k) + Agy | ar(u) = a(u) + A,y
Scaling ss(k) = as(k) as(u) = aa(u)
Table 1:
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4.5.6 Comparison and Conclusion

Weather or not to use Fourier basis to describe the snake curve is directly related to
the way we generate the curve in the first place.

One way of initializing the curve is to use a discrete version of some appropriate
analytical function like a circle or an ellipse. We can then generate a curve with so
many points as needed in order to get a smooth curve.

It is important to notice that in Fourier series representation of a curve, the new
curve obtained by truncating the Fourier series of the original curve has the same
number of points as the original curve. It contains fewer coefficients in the frequen-
cy space but the same number of points in the physical space. So if the polygon
obtained by connecting the points of the original curve is approximately smooth,
the new polygon will have the same degree of smoothness. On the other hand, if
the curve is given by a small set of nodes which give an approximate shape of the
curve (which is often the case), we have to interpolate the polygon in order to obtain
a visually continuous curve. In the Fourier case, this has to be done additionally,
while splines approximate the polygon as we showed in chapter.

It is also important to notice that B-splines can be used in two ways. One way is
to generate a set of nodes, let the model on these nodes (parameters) and after each
iteration approximate the polygon with a spline curve. This would be the parametric
representation approach which has been used through the literature. It will be shown
later that this parametric approach has has some drawbacks. The shape of the object
has to be well-defined and not too complex ifitis to be described by few parameters.
IN medical imaging, however, we often encounter shapes with great complexity.
In such cases, it is necessary to use curves with high resolution to describe these
shapes. It will also not suffice to let the model act on few characteristic points
and approximate the rest. We have to iterate a large number of points in order to
capture the objects complexity. In this case the B-splines are used as an interpolation
method.
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Figure 11: An active contour specified by a set of control points

When used as a parametric representation, the B-spline approach has an impor-
tant advantage compared with Fourier representation. As we pointed out in section
4.4.4, the splines minimize deformation-like energy so that the the tgfm may
be leaved out in the energy functional (2.1). If the shape of the object is regular
and without sharp corners, we may represent it with very few coefficients in Fourier
space (2-3).

Experiments using algorithms developed in this work have shown that para-
metric representation using both B-splines and Fourier descriptors give satisfactory
results only in the case of simulated, regular objects with no noise. When tested on
the midsagital images of the human brain trying to segment corpus callosum, large
number of parameters were required in order to get good results. The precision
increased as the resolution of the active contour increased and it was exception-
ally visible when images were degraded with Gaussian noise. The computational
time increased too. We chose, however, the non parametric representation but used
B-splines to approximate the node polygon with a continuous curve.

5 The Image Energy

In the partial differential equation which models the snake movement, the gradient
of the image energy is the driving force and we may say that the segmentation result
depends most on how good the image energy is defined.
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Before we start discussion on differentimage energy models lets introduce some
of the terms we will be using throughout the chapter.

5.1 Some Relevant Definitions from Vector Calculus

here follow some definitions form the vector calculus [35].

Definition 2 If f is a scalar function of two variables, its gradient is defined by
Vi, y) = falz,y)i+ fy(z,9)] (5.1)

wherei andj are unit vectors along- andy axis, whilef,(x, y) and f,(z, y) are
the partial derivatives of with respect tar andy.
ThereforeV f (z, y) is a vector field and is called a gradient vector field.

Definition 3 A vector fieldF is a conservative vector field if it is the gradient of
some scalar function, that is if there exists a functfosuch thatf = V f. Then,f
is called the potential function fdr.

Definition 4 In physics, the potential energy of an object in the pd@inty) of a
conservative force fielH is defined as

whereF = V.

Definition 5 If F = Pi + @)j is a vector field and the partial derivatives Bfand
Q exist, then the curl oF is the vector field defined by

cul{F} =V x F (5.3)

whereV is the vector differential operator defined as

0 0
V=i—+j— (5.4)
and x is the cross product.

Definition 6 If F = Pi + ()j is a vector field and the partial derivatives Bfand
Q exist, then the divergence Bfis the vector field defined by

diviF} =V . F (5.5)
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Geometrically is curl a measure of how much the vector fleldurls around the
point in question, and divergence is a measure of how much the vectorkfield
spreads out from the point in question.

If curl{F} = 0 at pointP, thenF is called curl-less or irrotational. If d{\f'} =
0 at pointP, thenF is called divergence-less or solenoidal.

5.2 Image Energy Models

We will now see how the different energy models work on an example, but before
we start lets introduce a alternative representation of the Euler evolution equation.
We remember that the snake that minimizes the energy must satisfy the equation

avss(s) - ﬁvssss(s) - vEﬁimoage =0 (56)
This can be viewed as a force balance equation
Fint + Fimage =0 (57)

whereF,,; = avys(s) — Bvssss(s) andFipege = —V Einage. The internal force

F,. prevents stretching and bending while the external férgg,. pulls the snake
toward the desired image edges. This model of snake equation is well-suited for
theoretical studies.

5.2.1 The Original Force Field

In the original work by Kass [22], the image energy was defined as

Eimage = —1(x,y) (5.8)

for a image containing objects that are line drawings such as the object in Figure
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Figure 12: An ellipse

The potential energy according to (5.8) is

Figure 13: Potential field of the image in Figure 11

and the gradient vector field of such an object is shown in Figgire
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Figure 14: Force field of the image in Figure 11

A zoom on the boundary in Figure shows how the force field acts on the active
contour

Figure 15: Zoom on the object boundary in the force field

If the object of interest is, however, homogeneous, such as the one in Figure
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Figure 16: Zoom on the object boundary in the force field

this energy model does not give a satisfactory force field. The potential energy
of this image calculated according to (5.8) is shown in Fidire

Figure 17: Zoom on the object boundary in the force field

A zoom on the boundary in the force field is in Figure

41



Figure 18: Zoom on the object boundary in the force field

We see that the force field points toward the object boundaries on the outside of
the object and away from the boundary on the inside of the object. A contour pulled
by such a force field would not stop on the boundary, but continued to the center of

the object. We calculate, therefore, an edge map of such an image and used that as
image energy

E’image(xay) = —|VI(CU,y)|2 (59)

The result is shown in Figure8

Figure 19: Image Potential

42



The gradient vector field of this image potential is shown in Figdre

Figure 20: Force field

and a zoom

Figure 21: Zoom on the object boundary in the force field

From the range of the of the gradient vector field we see that the curve, if not
placed in the vicinity of the object, may not be attracted to it. One way to increase
the capture range of the field is to smooth out the boundaries. An improved energy
model would be than

Eimage(7,y) = —|V(Go(x,y) * I(z,y)|? (5.10)
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whereG, (x,y) is a two-dimensional Gaussian function with standard deviation

It is easy to see that larger will cause the boundaries to become blurry but this
has both positive and negative effects: the range will increase but the boundary
localization will become less accurate and distinct. For the image in Figyre
potential of the blurred image is shown in Figire

Figure 22: Image potential

and a zoom on the boundary in the force field

Figure 23: Zoom on the object boundary in the force field

We see that the potential function becomes less sharp and the boundary is thus
more difficult to localize. On the other hand, the capture range is increased.
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Time and space discretization may cause some additional problems to this image
energy model. Even though the initial guess can be close to an edge, instabilities can
occur due to the discretization of the evolution problem. If the time discretization
step is to large, the curve may move too far across the desired boundary and never
come back. This problem can be avoided by manually tuning the time step but is
not very practical in large scale applications and it does not solve all the problems.
If we choose the time step to be small enough, for example never larger than a pixel
size, than the problem is avoided, but only very few high gradient points will attract
the curve and the small values of the image force field will not affect the curve
much.

5.2.2 The “Balloon” Force Field

One way to improve the model was proposed by Cohen [12]. Instead of acting on
the time step, he modified the force fidig,,,,. by normalizing it, takindF;,qg =

—kV Eimage/|
of the pixel size. Since the magnitudeBf,,.,. is about one pixel, when a point

V Eimage||, Where the product of the time step ahds on the order
of the curve is close to an edge point, it is attracted to the edge and stabilizes there.
Thus smaller and larger gradients have the same influence on the curve.

It happens often that, due to noise, some isolated points are gradient maxima
and can stop the curve when it passes by as shown in Figure

0
L -

Figure 24: An object with a local maxima in the vicinity of the boundary

To solve the problems mentioned in the previous section, Cohen added another
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force which makes the contour have a more dynamic behavior. The curve is consid-
ered as a balloon (iaD) that we inflate. We add to the previous forces a pressure
force pushing outside. The force no becomes

vEﬁimoage

F = kln(s) — kgm
image

(5.11)

wheren(s) is the normal unit vector to the curve at poir(ts) andk; is the ampli-

tude of the force. Now, the curve expands and it is attracted and stopped by edges as
before, but since there is a pressure force, if the edge is too weak the curve can pass
through this edge. If the curve runs into an isolated point, it tends to create a tangent
discontinuity at this point. The smoothing effect with the help of the inflation force

removes the discontinuity and the curve passes through the edge as shown in Figure
24

A
¥ -

Figure 25: The balloon snake after passing the local maxima

5.2.3 The Gradient Vector Flow Force Field

The energy model proposed by Cohen solved some of the problems of the original
model but not all. If the object to segmented has a concavity, non of the previously
proposed models manages to force the snake into the concavity. The reason may be
seen from the Figure5.
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Figure 26: Force field of a polygon with concavity

Figure 27: Zoom no the boundary

Although the image forces point correctly toward the object boundary, the range
of the force field is smal. Therefore, the curve is “pulled apart” but not made to
progress into the concavity. The problem is not solved by the Cohen’s model since
it only changes the magnitude and not the range of the force.

Xu suggested a new force to solve the problem. The underlying mathematical
premise for this new force comes from the Helmholtz theorem, which states that
the most general static vector field can be decomposed into two components: an
irrotational and a solenoidal component.The original potential force becomes an
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irrotational field since it is the gradient of a scalar potential function.

Xu proposed to generate a more general field by allowing the possibility that
it comprises both an irrotational component and a solenoidal component. They
designed a new force field that has both the desired properties of both a large capture
range and the presence of forces that point into boundary concavities. In the original
evolution equation,

Vt(S, t) = OzVss(S, t) - Bvssss(sa t) - vEﬁimoage (512)

the image force fieldV ;4. IS replaced by a new field, the so called gradient
vector flow fieldG(z, y), yielding

Vi(s,t) = avg(s,t) — Bvggs(s,t) — G (5.13)

whereG(z,y) = (¢(z,y), d(z,y)) is a vector field that minimizes the energy func-
tional

5://u{(c§+c§+d§+d;)+|Vf|2|G—Vf|2}dxdy (5.14)

wheref (z, y) is the edge map defined aér, y) = |VI(z,y)|or f(z,y) = |V(G,(z, y)*
I(x,y))| for gray level images.

We see that whefV f| is small, the energy is dominated by sum of the squares
of the partial derivatives of the vector field, yielding a slowly-varying field. On
the other hand, whe|V f| is large, the second term dominates the integrand and
minimized by settingsc = |V f|. This produces the desired effect of keepfdg
nearly equal to the gradient of the edge map when it is large, but forcing the field to
be slow-varying when in homogeneous regions. The paramesa regularization
parameter governing the tradeoff between the first term and the second term in the
integrand.

The desired vector field is calculated from the energy functional using the cal-
culus of variation which we will say more about in the next section. The new force
field is shown in Figur@7
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Figure 28: Force fieled

Figure 29: Zoom on the boundary of the force field

In the section 6, we will test these three models experimentally on simulated

and real MR brain images.

5.3 Experimental Results

In all the following simulations, one and the same set of control points was used
with different snake models. The parameters were set+00.2 andj = 0.2.
First, the methods were tested on a simple image with control points placed in
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the vicinity of the object. The goal was to observe the convergence rate and the
accuracy of the models. We start with the original snake model

Figure 30: Original snake: Iteration 1
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Figure 31: Original snake: Iteration 15
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Figure 32: Original snake: Iteration 25
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Figure 33: Original snake: Iteration 35

Figure 34: Original snake: Iteration 45

Then, using the same set of control points and the images, the balloon snake

was tested.
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Figure 35: Balloon snake: Iteration 1

54



Figure 36: Balloon snake: Iteration 15
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Figure 37: Ballon snake: Iteration 25
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Figure 38: Balloon snake: Iteration 35

In the next images, the GVF snake is shown acting on the same image with the
same initial set of control points.
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Figure 39: GVF snake: Iteration 1

58



Figure 40: GVF snake: Iteration 3
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Figure 41: GVF snake: Iteration 6

In the next set of images, “concavity” problem was treaeted. The snake paramter-
swerea = 0.2, 5 =0.2.
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Figure 42: Traditional snake: Iteration 1
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Figure 43: Traditional snake: Iteration 5
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Figure 44: Traditional snake: Iteration 15
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Figure 45: Traditional snake: Iteration 25
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Figure 46: Traditional snake: Iteration 35

Further iterations did not produve significant changes. Now, the balloon model
is applied to the same image.

65



Figure 47: Balloon snake:lIteration 1
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Figure 48: Balloon snake: Iteration 5
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Figure 49: Balloon snake: Iteration 15
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Figure 50: Balloon snake: Iteration 25
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Figure 51: Balloon snake: Iteration 35

Then, the gvf snake was tested on the image.
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Figure 52: GVF snake: Iteration 1
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Figure 53: GVF snake: Iteration 5
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Figure 54: GVF snake: Iteration 15
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Figure 55: GVF snake: Iteration 25
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Figure 56: GVF snake: Iteration 35

We further tested the noise tolerance of these methods. The noise is additive
Gaussian noise with zero-mean and variasnte- 1
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Figure 57: Original snake: Iteration 1
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Figure 58: Original snake: Iteration 10
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Figure 59: Original snake: Iteration 35
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Figure 60: Original snake: Iteration 55

In the next image set, the performance of the Balloon snake is shown.
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Figure 61: Balloon snake: Iteration 1
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Figure 62: Balloon snake: Iteration 10
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Figure 64: Balloon snake: Iteration 30
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Figure 65: Balloon snake: Iteration 40

The next image set shows the performance of the GVF snake on the image.
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Figure 66: GVF snake: Iteration 1
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Figure 68: GVF snake: Iteration 50
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Figure 69: GVF snake: Iteration 75

The methods were then tested on a MR midsagital brain image. The curve was
initialized as close as possible to the boundary of the corpus callosum in order to
ensure the convergence.
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Figure 70: Original snake: Iteration 1
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Figure 71: Original snake: Iteration 5
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Figure 72: Original snake: Iteration 15
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Figure 73: Original snake: Iteration 25
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Figure 74: Original snake: Iteration 35

The balloon snake was tested next using the same model paramters.
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Figure 75: Balloon snake: Iteration 1
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Figure 76: Balloon snake: Iteration 5
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Figure 77: Balloon snake: Iteration 15
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Figure 78: Balloon snake: Iteration 25
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Figure 79: Balloon snake: Iteration 35

Using the same model paramters again, the GVF snake was tested.

98



Figure 80: GVF snake: Iteration 1
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Figure 81: GVF snake: Iteration 5

We see that the snake “breaks” the boundary aftéerations. Several differ-
ent values ofu (see section 5.2.3) were tried, but no significant approvement was
achived. In order to tone down the effect of the gradient vector field and let the
snake evolve more slowly, the image force term was scaled down woth fagtor
and the simulation repeated.
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Figure 82: GVF snake: Iteration 1
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Figure 83: GVF snake: Iteration 3
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Figure 84: GVF snake: Iteration 5

Further downscaling and parameter adjusting did not produce any significant
changes.

Next, the image was corrupted by additive Gaussian noise with zero mean and
variances? = 1. Then, the orginal and balloon snakes were tested. The GVF snake
was not tested because of the poor reselts obtained earlier.
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Figure 85: Original snake: Iteration 1
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Figure 86: Original snake: Iteration 5
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Figure 87: Original snake: Iteration 15
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Figure 88: Original snake: Iteration 25
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Figure 89: Original snake: Iteration 35
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Figure 90: Balloon snake: Iteration 1
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Figure 91: Balloon snake: Iteration 5
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Figure 92: Balloon snake: Iteration 15
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Figure 93: Balloon snake: Iteration 25
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Figure 94: Balloon snake: Iteration 35

5.4 Discussion

When tested on an image with regulear shape (ellipse), with no concavities and with
no noise present in the image, the GVF snake showed the highest rate of conver-
gance. The accuracy seems to be equal in all methods.

Tests on an image (polygon) with a concavity, showed what we had expected
from the theoratical studies. Neither original or balloon snake menaged to enter the
concavity. The GVF snake did so in few iteration.

When tested on an image which was corrupted by noise, original and especially
balloon snake were distracted but still able to extract the boundary approopriately.
The GVF snake, on the other hand, became unstable and “broke” the boundary. The
same did the balloon snake when the preassure force was increased or the image was
blurred in order to increase the capture range of the object boundary when the model
parameters were adjusted properly.

Similar results were obtained when the models were tested on real MR images.
Judging the performance visually, the balloon snake achived best accuracy. All
models were numercally implemented using Fourier spectral algorithm, explained
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in the next Chapter.

In the next section we will study the transition from the static minimization-of-
energy-functional problem to the dynamic partial differential equation governing
evolution of the snake.

6 Minimizing the Energy Functional

With energy functional defined as

Esnake = / {Emt(v(s)) + Eimage}ds
0 6.1)

- /0 {%((X|VS(S)|2 + ﬁ|vss(s)|2) + Eimage}ds

and an appropriate choice of image enefgy,,,., it remains to find the function
v(s) that minimizes the functional. There have been basicly three approaches,
through the literature, in solving this problem. One is to solve the integral with
an appropriate numerical method and we will denote this approach as static. The
other two dynamic approaches involve using the variational calculus to derive a dy-
namic system (a partial differential equation) and allow it to arrive at a minimal
energy state as it achieves equilibrium and using the dynamic programming to find
the position of the snake that minimizes the discretized energy. These approaches
offer a variety of interesting possible behaviors of the curve that are not evident
from the static energy minimization point of view. For example the curve may be
guided as it moves across the image, either by adjusting the system parameters or
interactively, and by studying its behavior as it moves, may reveal some possible
improvements of the model. The static method can be implemented by using any
of the standard numerical integration methods. We will take a closer look at the
dynamical solutions.

In the next section we will shortly explain the principles of the variational cal-
culus and derive the model equation.

6.1 Calculus of variations

Part of mathematics dealing with finding the maxima or the minima of values of
mathematical entities called functionals is the calculus of variations [29]. Lets de-
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fine a couple of terms we will be using in the calculations:

(1) The variable is called a functional depending on a functigi), in writing,

z = 2(y(z)) (6.2)

if to each functiony(x) from a certain class of functions corresponds a certain value
of v.

(2) The increment of the variatiody of the argument(z) of a functional
z(y(x)) is the difference of two functions

oy =y(z) — yi(z) (6.3)

It is assumed that the argumeyit:) runs through a certain class of functions.
(3) Two curvegy = y(x) andy = y;(x) are close or neighboring in the sense of
closeness of ordé, if the absolute values of the differences

y(@) = (2,9 (2) =31 (2),.. .y W (@) =P (@) (6.4)
are small.
(4) A functionalv(y(x)) is a continuous along = y,(x) in the sense of close-
ness of ordek, if for arbitrary positive number there exists @ > 0 such that
y(x) — yo(z)] < 6 (6.5)
whenever
ly(2) — yolz)| <6
' (z) — yo(2)] <&

(6.6)
ly®)(z) -y (2)] < 0
(5) If the increment
Az = 2(y(z) + dy) — 2(y(z)) (6.7)
of a functional is of the form
tAz = L(y(x), 0y) + y(y(x), dy)maz|dy| (6.8)

whereL(y(z), dy) is a linear functional iy, maz|dy| is the maximal value gy |
andy(y(z), dy) — 0 whenevernaz|dy| — 0, then the linear part of this increment
that is linear indy is called the variation of the functional, and is denotediby
Now we state a theorem and a lemma without proofs.
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Theorem 1 If the variation of a functionat(y(z)) exists, and it takes on a max-
imum or a minimum along = y,(z), then

52=0 (6.9)

alongy = yo().

Lemma 1 If a function®(x) is continuous on an interval:,, x;) and if

/Il &(z)n(z)dz =0 (6.10)

zo
for an arbitrary functionn(x) subject to some conditions of general character only,
then®(z) = 0 throughout the intervat, < = < ;.

6.2 Computation of the Snake Evolution Equation
We now examine the extrema of the functional
Funatev(6)) = [ (30O + 51vlo)) + Finaevis)hds (641
For simplicity reasons, let us denojéx|v,(s)|* + B|vss(s)|?) + Eimage(v(s)) by
F(v(s),vs(s), vss(s)), so that the functional takes the form
B(v(s)) = /01 F(v(5), va(5), vas(3))ds (6.12)

A necessary condition for an extremum of a functional is that its variation van-
ishes. We take any admissible cutve= v*(s) neighboring tov = v(s) and we set
up a one-parameter family of curves

v(s,a) = v(s) + a(v*(s) — v(s)). (6.13)

As mentioned earlier, the differeneé(s) —v(s) is called a variation of the function
v(s) and is denoted byv. If we consider the values of the functional (8.12) taken
along the curves of the family = v(s, a) then we have a function of the variable

E(v(s,a)) = ¢(a) (6.14)

It follows that fora = 0 this function takes an extremum with respect to any neigh-
boring admissible curve. As is well known, the necessary condition that the function
¢(a) has an extremum far = 0 is that its derivative for. = 0 should vanish

¢'(0) =0 (6.15)
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Since

¢(a):/0 F(v(s,a),vs(s,a),vss(s,a))ds (6.16)

we have

/ ! 0 0 0
¢ (a) = /0 {Fv%v(s, a) + FVS%VS(S, a) + FVSS%VSS(S, a)| ds (6.17)

Because of the relations

%v(s, a) = %(v(s) +adv) = ov
%vs(s, a) = %(vs(s) + adv,) = vy (6.18)
v (5.0) = - (va(s) - aiv,) = o,
we have
#'(0) = /0 1 [Fy6v + Fy.0v, + Fy 0vys] ds (6.19)

As we have remarkedy’ (0) is called a variation of the functional and is denoted
by 6 E. The necessary condition for a functional to have an extremum is that its
variation should vanishE = 0, i.e.

1
¢'(0) = / [Fyov + F, 0vs + F,, 0vs|ds =0 (6.20)
0

Keeping the first term, integrating the second term by parts once and integrating the
third term by parts twice, we have

1
OE =[Fyov]y + [Fy,0v,]) — [diFvssévss] +
S 0
(6.21)

1 d d2
F,— —F, +—F,, | dvd
/0[ ds S+d32 ”]VS
Since all the admissible curves pass through the same end points, it follows that
OV|s=g = OV]s=1 =0
(SVS|5:0 = 6Vs|5:1 =0 (622)

5Vss|s:0 — 5Vss|s:1 =0

and consequently

1 d d2
OF = / {Fv — —F,, +—F,, | dvds=0 (6.23)
0 ds ds?
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Applying Lemmal we conclude that the expression on the left side will be equal
when

Fotp v Tp (6.24)
Viods T ds? '

This is the Euler equation for our optimization problem. Evaluating the it we get

d d?
VEimage(v(S)) - EO[VS(S) + @Bvss(s) =0 (625)
which equals
aVss(8) — BVissss(S) — VEimage(V(s)) =0 (6.26)

This equation must be discretized and solved numerically. We will devote next
section to different numerical approaches used in the literature.

7 Numerical Solutions to the Snake Evolution Equa-
tion

The curve that minimizes the given energy functional, must satisfy the Euler e-
quation (8.26). In order to make solution to that equation dynamical, we treat the
functionv as a function of time as well ass. Then, the partial derivative of with
respect ta is then set equal to the left hand side of (8.26)

Vi(S,t) = aves(s,t) — BVgsss(S, 1) — V Eimage(V(s, 1)) (7.0

When the solutionv(s, t) stabilizes, the ternv,(s,t) vanishes and we achieve a
solution of (8.26).

In order to solve the equation (9.2) numerically, we discretize the equation and
solve the discrete system iteratively.

7.1 Finite Difference Method Applied to the Snake Evolution E-
quation

In this chapter, the principles behind the finite difference method will be discussed
and an algorithm for implementation of the snake evolution equation using implicit
finite difference method will be developed [9],[1],[46].[7].
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7.1.1 Finite Difference Methods

The main idea behind the finite difference methods is to approximate derivatives of
the function using one of the finite difference operators. If we specify each of the
independent variables of a two dimensional functds, t) on a grid as

s; =80 +1iAs, 1 =0,...,N; (7.2)
t;=to+jAt, j=0,.., N, (7.3)
Vij = V(Si,t]‘) (74)

the partial derivatives of can be approximated by a finite difference expressions in
the s andt directions. One can choose from forward difference operator, backward
difference operator, central difference operator, averaging difference operator, etc.
The ones we will use in our calculations are the backward difference approximation

0*v _ (Vis1j = 2Vij + Vie1y)

R~ 7.5
952 2(As)? (7:5)
a4v - (VifQ,j - 4Vi71,j + 6Vi’j - 4vi+1,j + Vi+2,j) (7 6)
D5 2(As)? '
and the forward difference approximation
ov ~ (vi’j+1 — Vi,j) (77)

at At

Explicit finite difference method is probably simplest finite difference method
but it is not well suited for the snake equation. The reason is that the method gives
a useful approximation if the stability limitt/(As)® < 3, whereAt is the time
iteration step and\s is the space iteration step, is fulfilled. However, that require-
ment places a severe restriction on the time interval size which results in significant
increase in computation.

Implicit finite difference method avoids the problem stated above and has been
the method, most frequently used through the literature.

An implicit formula is one in which one or more unknown values in the next
iteration step are specified in terms of known values of in the current step. We will
now develop an implicit finite difference algorithm for the snake evolution equation.
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Using finite difference operators defined in equations (9.5),(9.6),(9.7) we get the
following finite difference approximation of the equation (9.1)

Viget = Vig _  (Vienia = 2V + Vieria)
At 2(As)?
B ﬁ(vi_Q’Hl — Vi1 + Vi — Vit + Vi) (7.8)
2(As)?

— (E2*(j), EJ™(5))

where
E;m _ aEgmoage
X
im aEg’image (79)
y o dy

This method is called the Euler backward method. After some rearranging we get

Vij = Vi1 = Ki(Vig1j01 — 2Viga £ Vie1j4)
+ Ko(Vigojr1 — 4Vig1 o1 + 6Vijp1 — 4viog jy1 + Vieo 1) (7.10)

+ (B"(7), E™(5)))

where
aAt
K, =
2(As)?
o (7.11)
27 2(As)!

and further

Vi =Koviiojp1 + (=K1 — 4K5) Vi 1
+ (1 + 2K, + 6K2)Vi,j+1 + (_Kl — 4K2)Vi71,j+1 (712)
+ Kovi o1 + (B (4), E;m(l))
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This equation can be written in matrix form as

A

B
C
0

e}

or as a pentagiagonal matrix system

where

The coefficient matriXM is diagonally dominant, banded and sparse. So, this
equation is well suited for either iterative techniques or direct sparse matrix solu-
tions. But more importantly, this equation can be shown to be stable for all values
of Az andAt. So, the only restraints on the choice of step size are those dictated
by accuracy and computation time consideration.

B

A
B
C

e}

Vi,j
V2,
V3,5

Va,j

VNS*Q

VNS*I

VNS

C

o= W

e}

= Qo

e}

0
0
C
B

0
0
0
C

s
s

Sy

Sy

0
0
0
0

Vi,j+1
Vo,j+1
V3,i+1

Va,j+1

VN8727j+1
VN8717]‘+1

VN, j+1

MVjJrl + Eimage = V]

A=1+4+2K, +6K,
B:—K1—4K2

C:K2

The iteration equation is then

Vi =M7Y(V;

- Eimage)

inmage(Ns)

(7.13)

(7.14)

(7.15)

(7.16)



7.2 Fourier Spectral Method Applied to the Snake Evolution E-
guation

In this chapter, the principles behind the Fourier spectral method will be discussed
[19],[8] and an algorithm for implementation of the snake evolution equation using
Fourier spectral method will be developed.

7.2.1 Spectral Methods

The basic idea of spectral methods for solving partial differential equations is to
assume that(x), the solution to the equation, can be approximated by a sum of
N + 1 “basis functions’y,,(x):

u(r) & un(z) =) anen(z) (7.17)

n=0

When this series is substituted into the differential equation
Lu = f(x) (7.18)

where L is the operator of the differential, the result is the so-called residual function
defined by

R(x;a'mala e JG’N) - LUJN - f (719)

If the basis function individually satisfy the homogeneous boundary conditions on
u(z), then their sum will too. Therefore, the only errorig () is that it does not
exactly satisfy the differential equation. Since the residual function is identically
for the exact solution, the challenge is to invent systematic methods for choosing
the series coefficients, in such way that the residual function is made as small as
possible. The different spectral methods differ in their method of minimizing the
residual.

7.2.2 Fourier Spectral Method

When the boundary conditions require the solution to be spatially periodic, the so-
lution generation procedure is normally much simpler then for non-periodic bound-
aries. In the periodic case, the sines and cosines of a Fourier series automatically
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and individually satisfy the boundary conditions. Consequently, our only remain-
ing task is to choose the coefficients of the Fourier series to minimize the residual
function.

Consider a set of points

.
xj:%] j=0,1,--,N—1 (7.20)

which are called collocation points..” The discrete Fourier coefficients are
i =~y ulz;)e™  —N/2<k<N/2-1 (7.21)

Due to the orthogonality relation

N 1 ifp=Nm,m=0,+1,42,---

e’ = (7.22)
5=0 0 otherwise

1
N
we have the inversion formula

N-1
u(a;) =Y are™™ j=0,1,--- ,N—1 (7.23)
k=0

So, the polynomial

=

—1
Inu(x) = et (7.24)
0

=
Il

is the NV - degree trigonometric interpolant ofat the collocation points.
Differentiation in transform space is performed by of multiplying each Fourier
coefficient by the imaginary unit times the corresponding wave number.
If

Su = Z (o (7.25)

k=—00

is the Fourier series of a functian then

o0

Su'= Y ikiger (7.26)

k=—o00

is the Fourier series of the derivativewf
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7.3 A Fourier Spectral Algorithm for the Snake Evolution E-
guation

As it was shown in the previous section, derivative of a function in the physical
space corresponds to multiplication by the imaginary unit and the wave number in
the Fourier space. Transforming the internal energy terms should, therefore, not be
a problem. The image energy, on the other hand, is a non-linear function. Trans-
forming such a function and integrating it into the resulting differential equation
in the Fourier space may cause some computational problems. An alternative al-
gorithm was therefore developed. Each iteration of the snake evolution equation
was split into two steps. The internal energy term was iterated in the Fourier space,
transformed back to the physical space where the image energy term was added.
We start by transforming the equation

vi(s,t) = avg(s,t) — Pvssss(s,t) (7.27)
into Fourier domain
ov 0%v o*v
which gives
ov(w, t)

5 = al—iw) ¥ (w,t) = B(=iw) F(w, 1
= —aw?V(w,t) — Bw'v(w,1) (7.29)
= —(aw’ + fw")V(w, )

This is a first-order differential equation with respect tnd its general solution is

V(w, 1) = F[v(s,0)] e+ (7.30)

whereF [v(zx,0)] is evaluated using FFT.

We iterate this explicit solution with a time stépand after each step transform
it back to the physical space where the image energy term is added. Athtbep
the iteration equation is

v(s,tp) = F' (¥ (w, 1) = VEimage(V(5, 1)) (7.31)

7.4 Dynamic Programming Solution to the Snake Evolution E-
guation

We will first take a short look at the continuous dynamic programming theory [5]
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7.4.1 Dynamic Programming: Continuous Case

Consider the functional
1) = [ Py (7.32)
o

wherey = y(z). Assuming that the solution curve is unique, what we seek is is
the curve that yields a numbdr, that is smaller than the number yielded by any
other admissible curve. The value $ftorresponding to such a curve is called the
absolute (global) minimum of the functiond(y) and the associated curve is the
absolute (global) minimizer.

We will now derive the fundamental equation for dynamic programming for the
problem stated above. We rewrite the equation () to

&
J(y) = /f F(&y,y)dE (7.33)

wherey = y(&). Further, we introduce the optimal value functisr, y) by

&1
S(w,y) = min V F(f,y,y’)df} (7.34)

whereP are all admissible curves that connect the p6iny (x)) with the end point

(& y(6))-

We pick anz < & and then choose a small incremeéxgt such thate+ A& < &;.
The goal is to find the optimal infinitesimal curve oJerz + A¢]. The principal
of optimality [x] assures that such a curve will in fact be the absolutely minimizing
curve for our problem.

We assume thag’ and F' are continuous on the intervat, z + A¢]. If we
make a first order discrete approximation to the interval in (9.34) and use the Taylor
expansion ofy(z, = + A¢) in the neighborhood of, we get

S(x,y) < Fla,y,y )AL+ O(AL) + Sz + AL,y +y' AL+ O(AL)) - (7.35)

The equality is achieved if the optimughis chosen on the intervat + A&, &, i.e

S(@,y) =min{F(z,y, Y)AL + O(AL) + Sz + A&y + y' AL + O(AL)) }

(7.36)
Assuming thafS is differentiable with respect to its both arguments, we can further

expand the third argument on the right hand side of (9.36) as

S(x+ 08,y + Y0+ O(68) = S(x,y) + SL0& + S,y d¢ + O(6€) (7.37)
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Substituting (9.37) into (9.34), subtractifgz, y) from both sides, dividing byA¢,
and lettingA¢ approach zero yields

0 =min[F(z,y,y") + Sz + Syy'] (7.38)
y

Equation (9.38) is a partial differential equationSnand is known as the funda-
mental equation for dynamic programming. This equation must be satisfied if the
optimal value function is to attain the absolutely minimal value of the functional.

7.4.2 Dynamic Programming Algorithm for Snake Evolution Equation

Discrete numerical treatment of the fundamental equation is one method for finding
solutions of the optimization problem,[2] We discretize the integral in (8.11)

N-1
Esnalce — Z E’int(vi) + E’image (vz) (739)
=0
where
Emt(vi) = (Oz|Vi — Vi—1|2 + 5|Vz'—|—1 — 2Vi + Vi—1|2)/2 (740)

and E;,q4(v;) is defined by one of the methods discussed in section 9.1.1.

Minimizing the (9.39) using dynamic programming can be viewed as a dis-
crete multistage decision process. Starting from the initial point on the contour, we
choose a point from a finite set of admissible points at each of the finite set of stages
io, 11, ... ,iny_1. HOwever, with his approach, the discrete process introduces for
numerical purposes has nothing to do with the original discrete grid upon which the
contour points are initially placed. Therefore, we will use another algorithm that
takes advantage of the inherent discrete nature of the problem [16], [33].

A correspondence can be made between minimization of the energy in (9.39)
and the problem of minimizing a function of the form

E(Vo,Vl, . ,VN_1) = E()(V(), V1) + El(Vl, Vg) + ...+ EN_Q(VN_Q, VN_1)
(7.41)

We use now the discrete dynamic programming, witlcorresponding to the state
variable in theith decision state. We generate a sequence of functions of one vari-
ableS;,7 = 0,1,... , N — 1 (the optimal value function), and a minimization is
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performed over a single dimension to obtain edchFor example, fon = 5 we

have
S1(va) = min{E(v1,v2)}
Sa(vs) = min{$1(v2) + B (v, v3)} (7.42)
Sa(va) = min{S(vs) + B(va,va)}

and

min 5{E(v1, vy = Tr‘l’in{Sg(Vzl) + E(vy,vs)} (7.43)

V1,V2,...,V

In the general case the equation becomes

Sk(Vit1) = ”}Iin{skq(vk) + E(VE, Vi) }
* (7.44)
= Tr‘l,in{sk—l(vk) + Eint(vk—la Vi, Vk—H) + Eimage (Vk)}

At each stage, a row in the energy matrix is calculated corresponding to the values
of the optimal functionSy, and a row in the position matrix corresponding to the
valuesuv, that minimize (9.39). Convergence is guaranteed since the configuration
of the points does not change unless the energy of the contour is reduced by a new
configuration.

7.4.3 Experimental Results

With the coefficients values = 0.2 and = 0.2, 50 iterations were computed and
the elapsed time was measured.
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Figure 95: Implicit finite difference method: Iteration 1
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Figure 96: Implicit finite difference method: Iteration 50

The time elapsed wak seconds.
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Figure 97: Dynamic programming: Iteration 1
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Figure 98: Dynamic programming: Iteration 3

The time elapsed waX0 seconds (note that it is only f@riterations).

131



Figure 99: Fourier spectral method: Iteration 1
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Figure 100: Fourier spectral method: Iteration 50

The time elapsed weas seconds.

7.4.4 Comparison and Conclusion

We will start by examining properties of the dynamic programming approach. The
use of dynamic programming for minimizing the energy functional in the snake
model was proposed by Amini [16]. They pointed out some of the weaknesses of
the classical variational approach and suggested dynamic programming as a way of
overcoming these obstacles. We will take a closer look at the concerns about the
classical variational model raised by Amini.

They pointed out that the Euler condition for a functional minimum is a nec-
essary but a sufficient condition. Compared with finding the minimum of a one-
dimensional function, it corresponds to the requirement that the first derivative is
equal zero. If it is satisfied, the point is a function extremum, yet we do not know
if it is minimum or a maximum. A way to ensure that the solution is a minimum is
to that other stronger necessary conditions are satisfied. Such conditions are Jacobi
condition, Legendre condition or Weierstrass condition for strong relative minimal-
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ity. These conditions are often difficult to test.

The dynamic programming, on the other hand, ensures that the Legendre, Weier-
strass and also the Euler condition are satisfied. All these conditions can be derived
from the fundamental equation for dynamic programming.

This remark made by Amini is valid but not directly relevant for our application-

s. The function over which we search the minimum not the image intensity function.
This function is rarely convex and both maxima and minima may arise. We search
the minima over the negative edge map computed from the image intensity func-
tion. This negative edge-map function is, on the other hand, a convex function. The
function may even be transformed into a binary image, where boundaries have the
value0 and rest of the image the valueFor that reason, every extremum will be a
minimum and the Euler condition is sufficient.

Another important observation is that the evolution equation is a dynamic model
searching the equilibrium which is the lowest energy position. Such a model can
never stay long in a maximum energy position even if it gets there. The model
can be compared with a pendulum rotating in the plane vertical to the ground level
around a fixed point. The pendulum will loose energy and seek the equilibrium (the
point closest to the ground) when not acted upon by other forces than gravitational
force and the frictional forces. Such a pendulum can not stay long in the highest
potential energy point (top of the circle it describes) which is an unstable extremum
for such a system.

Another concern raised by Amini was about the issue of numerical stability
and accuracy. When using the variational approach, there is a need for estimates
of higher order derivatives of discrete data. This process may lead to numerical
instabilities. Dynamic programming on the other hand, can be directly applied to the
discrete grid with no need for approximation. In addition, orders of derivatives are
generally lower since functionals are directly optimized and necessary conditions
are not used.

The issue of numerical instabilities is a concern one should pay attention to
if for example the explicit finite difference method is used to iterate the evolution
equation. If the implicit finite difference method or the Fourier spectral method is
used, stability is not an issue. As we pointed out in chapters () and (), both of these
methods are stable for any choice/®f andAt.

In addition to that, the classical variational approach provides more accurate so-
lutions because of its higher order derivative terms. Furthermore, both the implicit
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finite difference and the Fourier spectral method are significantly more time effi-
cient. The implementation algorithms are simpler and easier to debug. A drawback
these methods have compared with the dynamic programming is that they require
more mathematical calculation prior to the implementation.
It remains to compare the Fourier spectral and implicit finite difference method.
Generally, the spectral methods are much more accurate than the finite differ-
ence methods. The standard central difference approximation is

fz+h)— flz—h)

o) + O(h?) (7.45)

As more grid points are used in the approximation, higher accuracy is obtained.

Since the spectral methods are based on evaluating the residual function only at
the selected points;, we can take the grid point values of the approximate solution,
the setvy(s;), as the unknowns instead of series coefficients. Given the value of
the function af NV + 1) points, we can compute ti{éV + 1) series coefficients,,
through polynomial or trigonometric interpolation.

As N isincreased, the spectral method benefits in two ways. First, the interval
between grid points becomes smaller - this would cause the error to rapidly decrease
even if the order of the method were fixed. Unlike the finite difference method,
however, the order is not fixed. The error is of order

O((1/N)M) (7.46)

The error is decreasing faster then any finite poweNdfecause the power in the
error formula is always increasing. This is the so called exponential convergence or
spectral precision.

The Fourier spectral method has also proved to be more time efficient in our
simulations.

8 A Statistical Approach to Snakes

We have so far viewed the snake curve and its evolution model as a simulation of
physical properties and processes. It has given us an intuitive understanding and
tools from mathematical physics to find solutions of the encountered problems.

There is yet another useful approach to the snakes which will make some of the
things we have done “make even more sense”: the Bayesian estimation.
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A Bayesian approach is very useful when a priori knowledge of a process is
available which needs to be combined with sensed data to make statistical inferences
about the parameters of the process.

Before we start interpreting the snakes from the viewpoint of Bayesian estima-
tion, we will define the most important theoretical notions which we will use.

8.1 Maximum Likelihood Estimators

Let X denote a random variable whose probability density funcfigr) is param-
eterized by the unknown parameter Suppose the value is observed. There is
a value of for which the the value ok is more probably observed then for any
other. We call this value of the maximum likelihood estimate and denote ittby
[44]. The function

1(6,%) = fo(x) (8.1)
is called the likelihood function and the function
L(0,%) = Info(x) (8.2)

is the log-likelihood function. Let us now assume that the random variabledd
are jointly distributed according to the joint density functipix, 6). We write it as
follows

f(x,0) = f(01x)f(x) (8.3)

wheref(0|x) is the posteriori density df and f (x) is the marginal density of

109 = [ £(x.0d0 (8.4)

The log-likelihood function is
L(6,%x) =Inf(x,0) = Inf(0|x) + Inf(x) (8.5)
When this function is continuously differentiable éh the maximum likelihood

estimate may be determined by differentiating the log- likelihood function.

o 0
%L(Q,x) — %Inf(mx) =0 (8.6)

The maximum likelihood is often called the maximum a posteriori probability esti-
mate off.
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8.2 Snake Within the Bayesian Framework

We will now define the entities in the snake model and show that they can be de-
rived from knowledge about the observation model. We consider both the contour
parameters and the observation model parameters to be unknown.

A discrete matrix representation of the energy functional (8.1) can be written as

E(v) = %VTKV + P(v) (8.7)

whereK is called the stiffness matrix arfél(v) is the discrete version of the image
potential. We can now interpret the snake equation within the Bayesian framework.
The posterior density(v|I) of he unknown boundary conditioned on the image
datal is computed using Bayes rule

_ p[v)p(v)
with the normalizing denominator
1= p(Ijv) (8.9)

The prior modep(v) is a probabilistic description of the information we have prior
to imaging. The sensor modg(I|v) is a description of the relationship between the
unknown stater and the input imagé. Bays rule combines these two probabilistic
models into a posterior modg(v|I) which describes the probability of thebeing
the best estimate given the image data

The next step is integrating the knowledge of internal snake energy into the
probabilistic model. This is done using Gibbs (Boltzmann) distribution of the form

1
p(v) = el (8.10)

p
where E,(v) is a discrete version of the internal energy angis a normalizing
constant. According to (10.7),(v) is a quadratic energy of the form

E(v) = %VTKV (8.11)

which means that the prior distribution is zero-mean Gaussian with a covariance
matrix P = K !. This prior model is now combined with a sensor model

1 —P(v
p(Ilv) = et~ (8.12)

S
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which is generated using Gibbs distribution.
Combining the prior (10.10) and the sensor model (10.12) using Bayes rule, we
obtain the posteriori distribution

o = PAVIPG) 1y
p(vD) o0 7 (8.13)
where
E(v) = E,(v)+ P(v) (8.14)

We note that this is the same equation as in (9.39). This shows that there is an equiv-
alence between the physical and the statistical approach. Computing the maximum
a posteriori estimate , i.e. the valuewthat maximizes the conditional probability
p(v|I), provides the same result as finding the energy configuration of the snake.

There is, however, one advantage in using the statistical model. The external
force field can be derived taking into account the known noise characteristic of the
sensor and in that way improve the detection.

9 Deformable Templates

In this section we will take a closer look at the so called deformable templates
for object localization and identification. Deformable templates localization is a
method which integrates prior information about the shape of the object of interest
in a direct manner. The knowledge about the shape is encapsulated in a sketch
of the object or a parameter vector describing the shape of the object. Deformed
versions of the original template are obtained by applying parametric transforms to
the prototype. Among all such admissible deformations, the one that matches the
object best is chosen.

There are many deformable template models proposed in the literature. They
use often different approaches and are based on different theoretical backgrounds.
We will now give structured introduction to principles behind these models and try
to determine which ones are applicable in medical imaging.
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9.1 Principles Behind Deformable Templates
9.1.1 Representation of Deformable Templates

One way of representing deformable templates is by a suitable parameterization
such as Fourier series or spline parameterization. The advantage is shorter compu-
tational time since we use few parameters to represent a whole boundary.

As we discussed in chapter , there are several parameterization models one can
choose among. Each parameterization has properties that suit it for different pur-
poses. It is important to chose a parameterization which can express such a class of
shapes which can capture the shape we want to localize. For fitting purposes, it is
important that there is one-to-one, continuous mapping between the shape and its
parameterization if we want to operate only in parameter space. It is also desirable
to choose such a parameterization that produces a concise parameter vector because
that determines the complexity of the optimization process.

Both Staib et.al. [47] and Figueiredo [23] used used Fourier Parameterization,
with applications in medical imaging. Yuille [18] have used circles and parabol-
ic curves to draw eye and mouth templates, and the parameters that control the
shape of a template are the center and the radius of the circle and the characteristic
parameters of the parabola. In Point Distribution Model (PDM), shapes are rep-
resented using a labeled set of points that are carefully placed at the strategically
important places. It is important choose an appropriate set of points which one can
reproducibly place on different samples. Cootes [25] used this model for locating
structures in medical images and the parameter set was the set of labeled points.

Another way of representing templates is by a sketch in the form of a bitmap
with e.g. bright pixels (gray level o255) lying on the contour and dark pixels
(grey level of0) elsewhere. Such a scheme captures the global structure of a shape
without specifying its parametric form and was used by Jain [17].

9.1.2 Model Definition Framework

When studying snakes, we showed that the snake model can be represented both
with analogy to physics and within the Bayesian estimation framework. The former
one has been most frequently used through the literature.

In the same way, deformable templates can be represented within both frame-
works. Chuang [10] proposed a potential-based approach for shape matching. The
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matching process involves minimization of a scalar potential function. The pro-
posed potential model assumes that the border o2Bmggion is uniformly charged.

If a shape template is small in size and it can be placed inside a region which is to
be located, the template will experience repulsive force and torque arising from the
potential field. The matching is done by translating, re-orienting and scaling the
template along the above force and torque directions toward the configuration of
the lowest potential. The template is expanded and its position re-adjusted until the
template almost touches the border of the given region. In this work, the Newtoni-
an potential model was adopted where the potential is inversely proportional to the
distance between any two point charges. This method is computationally efficient
since the main computation associated with the minimization of the potential is the
calculation of the repulsive force and torque between the shape contours. These
guantities can be derived analytically, avoiding expensive numeric implementation
of the discretization of the shape contours. Nevertheless, the model allows on-
ly rigid transformations (scaling, translation and rotation) and requires a template
with an exact shape of the object of interest. Because of the complexity and high
local variability of the medical images, it is difficult to produce such templates. The
model, is therefore, not very well suited for that kind of applications.

The Bayesian framework has been most frequently used to model the matching
process. This approach is very useful when we wish to combine prior knowledge
with sensed data to make statistical inferences about the parameters of the process.
This approach has been very popular through the literature because of it capability
to integrate low-level image analysis and high-level decision tasks. We will now
review some of the notions from Bayes estimation theory.

The goal is to develop a classification strategy, based on classifiers which at-
tempt to integrate all available problem information, such as measurements and a
priori probabilities [43]. Decision rule may be formulated in several interrelated
ways

e By converting an a priori class probabilify(v) into a measurement condi-
tioned (a posteriori probabilityl? (v|I)

e By formulating a measure of expected classification risk and choosing a de-
cision rule that minimizes this measure

We will use the first approach in deformable template matching.
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The prior estimate of the probability of a certain class or event is converted to a
posteriori or measurement conditioned probability using the Bayes rule

Pin = T ©1)
where
P(I) = Z P(I|v)P(v) (9.2)

Intuitively, classification which minimizes the error is the one that maximizes the
posteriori probability” (v|I).

This formulation assumes knowledgefI|v) and P(v). Generally, there are
two approaches in calculating these two expressions. If we assume that the param-
eters describing are fixed but unknown, the maximum likelihood approach gives
the solution. The ML approach seeks the 'best’ parameter estimate in the sense
that 'best’ means the set of parameters that maximize the probability of obtaining
the given set. (see Chapter 10). Bayesian estimation models the parameters to be
estimated as random variables with some (assumed) known a priori distribution.
This approach uses so called training sets which are image sets similar to the im-
age a hand, and they are used to collect information about the object which is to
be segmented. The Bayesian approach uses the training set to update the training
set conditioned density function of the unknown parameters. The parameters in the
deformable template model are random, which means that the Bayesian approach
is the one we will use.

Depending on what kind of information we have, and which form does that in-
formation have, there are several ways of generating a priori probabilities in the
deformable template model. To simplify, discussion we will assume that the tem-
plate is given parametrically by the parameter

e The probability distributions associated with the parameters are used to bias
the model toward a particular range of shapes based on the prior knowledge.
This prior knowledge comes from experience with a sample of images if itis
available. When that kind of information is not available, uniform distribu-
tions are used for the prior probabilities

e If a sample is available, the prior probability distribution can be estimated
from the shapes determined from the sample by decomposing the boundaries
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into their model parameters and collecting statistics. In order to calculate
these statistics, the boundaries of the object must be determined either by
manual segmentation or alternatively, this method can be run on a set of ex-
ample images with manual initialization and uniform distribution.

e If a particular distribution is known to govern the parameters it can be used
as the prior. Otherwise if mean and variance are known, an independent mul-
tivariate Gaussian distribution can be used for N parameters

N N 1 _(Piﬂifli)2

Py =][Pe) =1 —m=c = 93)

i—=1 i=1

wherem; is the mean op; ando? is the variance.

Gaussian is the natural form for a probability density within the information
theory. The reason is that among the probability densities with a given vari-
ance, the Gaussian is the one with the maximum entropy. The entropy is the
average information per information output. As its magnitude increases, more
information is associated with the source. Thus, the Gaussian density follows
directly from knowing no information other then a mean and a variance.

9.1.3 Deformation Methods

In order to localize the object of interest, we have to transform the original template
in such a manner that will increase the probability of matching the object by some
of the obtained transformations. The transformations can be divided into rigid and
non-rigid. The rigid transformations are isotropic scaling, translation, rotation, and
perspective approximation which are all known from the classical computer vision
literature [31],[21].

Figure 101: Original template
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Figure 102: Rotated template

&)

Figure 103: Scaled template

Figure 104: Translated template

The non-rigid transformations involve stretching, squeezing and twisting local-
ly. Usually it is implemented by adding displacement offsets to the boundary points
[17], [26]. The displacement offsets are realizations of the displacement functions
which are spanned by an orthogonal basis.

Weather to choose rigid, non-rigid or both transformations is dependent on the
applications. In traffic monitoring, the rigid transformations of the original car tem-
plate will be satisfactory since the object to be localized is rigid. In our application,
the anatomic structure segmentation, both rigid and non-rigid transformations are
needed. There are several reasons for that.

The high complexity and local variability of the structures makes it difficult to
“draw”a good original template. It is therefore desired to capture the lack of the
local accuracy by local elastic deforming. A good original template is of course of
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crucial importance. It is often desired to pre-process the image in order get a close
match to the object of interest which can be used as the deformable template. This
is called training.

In automated image segmentation and object localization, it is desired to use
one template on several image sequences. In our application, one original template
for corpus callosum should be used on several patients. Even though the form of
anatomic structures is similar by different individuals, there are both size and form
deviations from patient to patient. It is desired to use one original template and
capture the differences by rigid and non-rigid transformations. For these reasons
we will discuss the non-rigid deformations in more details.

There are several approaches to generating the non-rigid transformations of the
original template. They usually differ in the degree of freedom. Methods with high
degree of freedom are methods that allow high degree of local deformation [17].

Among the law degree methods (law meaning that the deformations are more
global than local and rigid to some extent) is the work by Lakshmanan [37] who
used a parametric template model to locate the road boundary in radar images and
the Yuille [18] who used a template consisting of of circles and parabolic curves to
locate eyes and mouths in real images.

In the former work, the templates are straight two parallel lines. They are rotated
and the distance between them is adjusted until they match a road. In the latter, the
parabola and circle are varied until the contour matches the mouth. Varying these
parameters changes the global shape of the the parables and circles and thereby the
active contour. It does not generate local deformations in small size neighborhood
of the contour points.

High degree deformations can be generated using approaches proposed by Jain
[17] and [26]. Fourier and Wavelet bases, respectively, have been used to span the
space of the so called deformation functions. These displacement funttjeng)
wherez andy are Cartesian coordinates of the prototype templates, are added to
the contour. We will take a closer look at these methods in section 8.3. It will be
shown that they can be used to generate a high degree local deformations. However,
some of these deformed templates will not resemble the original template and will
be useless in the applications.

In the next section, the theoretical background for another approach will be s-
tudied. Itis the Principal Component Analysis and it is a method of analysis of vari-
ance. Cootes [25] used this statistical method to deform templates in the so called
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Active Shape Models. This method, unlike the previous two mentioned above, pro-
duces deformations in a less random way.

9.1.4 Principal Component Analysis

As we will see in section (11.2.3), Cootes [25] used Principal Component Analysis
to deform the original template in a less random manner than previously discussed
methods do. We will discuss shortly the basic principles behind PCA.

Principal Component Analysis [34]is a statistical method which gives us an op-
portunity of finding optimal combinations of variables according to some measure
when we have a single manipulated process. It can be used to reduce the dimen-
sionality of a set of variables, that is to describe the set in terms of variables on a
much smaller scale with a little loss of information.

Assumes that we have a set withvariables

X = (21,%2, -+ ,Tm) (9.4)
The principal components of this set anenew variables’,, P, . .. , P, which are
linear combinations of the,, Kk =1,... ,m

Pl = bl,lxl + bLQZEQ + ...+ bl,mxm = Xb1

P1 = b2’1fL'1 —+ b272$2 + ...+ bQ’mZUm = Xb2
(9.5)

P1 = bm71!L'1 + bm,Ql'Z + ...+ bm,ml'm = Xbm

The coefficients forP; are chosen so as to make its variance as large as possible,
subject to the restriction that it be uncorrelated with score®othrough P, and
that

> b, =b/b; =1 (9.6)
J

The last requirement comes from the fact that multiplying a variable by a constant
c produces a new variable having a variarée It implies that we need only to

use arbitrarily large coefficients in order to maKearbitrarily large, where? is

the within group mean square which is the measure of variation among variables of
the setX. It is therefore only the relative magnitude of the coefficients defining a
principal component that is of importance to us.
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The mean of the score on any givenis

Py = birZy 4 bioTo + - .. + by (9.7)
Letting
T, =1, —T (9.8)
we have
5% = ﬁ i(bin @1 + biaZa + .o+ bimim)? ©.9)
= b!S,b;

whereS,, is the variance-covariance matrix of the variahles
We want to findb; that maximizes?%. Using the method of Lagrangian multi-
pliers, we find that, fob,

L=b7S,b; — A(blb; — 1) (9.10)

The derivative is

dL
=9 -9 = A1
b S:b; —2\b; =0 (9.112)

and the system of equations we have to solve is

S, — M]b; =0 (9.12)

This is a set ofn homogeneous equations with unknowns. We recognize this

equation as an eigenvalue equation from matrix theory. In order for this set to have

nontrivial solution, the determinant must be equal
IS, — AI| =0 (9.13)

Expanding this determinant withas unknown, producesrath order polynomial
in A\ (the characteristic equation) which can be solved to yieldoots \;, i =

1,2,...,m. Inserting); back into equation (11.12) gives a homogeneous system

which can be solved fdb;. With analogy to the eigenvalue problei,andb; are
theith eigenvalue and eigenvector.
Further, we can rewrite the equation (11.12) to get

b’'S,b; = Ab"b; (9.14)
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Because of the constraint
blb; =1 (9.15)
we have
\; = b7'S,b; (9.16)

It means that the eigenvectors of the covariance matrix corresponding to the largest
eigenvalue describe the most significant modes of variation in the variables used
to derive the covariance matrix. Moreover, the sum of variances of scores on
different P; will be exactly equal the sum of the variances of the original variables.
It means that the proportion of the total variance explained by each vector is equal
to the corresponding eigenvalue.

Most of the variation can be expressed by a small number of modes m.
One method of calculatingis to choose the smallest number of modes such that
the sum of their variances can explain a sufficiently large proportion othe total
variance of all variables

Ap = Z A\ (9.17)

In the next section, a short introduction and analysis of the most frequently used
deformable templates will be given. We will shortly examine their properties and,
based on that, try to determine if they can be used in automated medical image
analysis.

9.2 An Overview of the Deformable Templates
9.2.1 The Hough Transform

The earliest example of deformable template matching is the Hough Transform for
detecting lines and circles [31] which has been extended to detect arbitrary shapes
[4].

The principle behind the Hough Transform is quite simple. For points in an
image we want to find subsets of those points that are on straight lines. Consider a
point (x;, y;). The lines that pass through this point must satisfy the equation

Yy =ax; +b (9.18)
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writing this equation as
b= —x,a+vy; (9.19)

and considering theb plane (the parameter space) yields the equation of a single
line for a fixed pair(z;,y;). A second poin{z;,y,) has also a line in parameter
space and these two lines intersect{@t?’) whered' is the slope and’ is the
intersect of the line containing both;, y;) and(z;, y;). In fact, all points contained

on this line have a line in parameter space that intersdet dt).

Figure 105: xy plane

b=-x gty

b=-x Y

Figure 106: Parameter space

The method is implemented using the so called accumulator cells [31]

Algorithm 1 -Quantize parameter space between appropriate maximum and min-

imum values for, andb.
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-Form an accumulator arrayl(a, b) whose elements are initially zero.

-For each point(z, y) in a gradient image such that the strength of the gradient
exceeds some threshold, increment all points in the accumulator array along the
appropriate line, i.e.

A(a,b) = A(a,b) +1 (9.20)

-Local maxima in the accumulator array now corresponds to collinear points in the
image array.

Using a similar approach, the Hough transform is applicable to any function
of the formg(v,c) = 0, wherev is a vector of coordinates andis a vector of
coefficients [31]. For example, the points lying on the circle

(!L‘ — 01)2 + (y — 02)2 = C% (921)

can be detected using the approach just discussed. []

Dramatic reductions in amount of computations can be achieved if the gradient
direction is integrated. Without gradient information, all valags:; lying on the
circle given by (11.21) are incremented. With the gradient information, only points
on an arc centered &t;, cs)

C1 = T + c3co0s
' 0050 (9.22)
¢y =Y + c3sing

where¢(z) is the gradient angle returned by an edge detector, must be incremented.

Since the HT is so closely related to template matching, and template matching
can handle the curves with no simple analytical form too, the HT can be generalized
to handle this case also. To see how it is done, consider locating points that lye on
the curve in Fig.

Figure 107: Geometry for generalized Hough transform
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Pick a reference point in the silhouette and draw a line to the boundary. At the
boundary point, compute the gradient direction and store it as a function of this
direction. Than, compute the location of the reference point from boundary points
given the gradient angle. The set of all such locations indexed by gradient angle
comprises the R-table

Angle measuredfrom figure boundaryto reference po8gt of radiir* wherer = (r, o)
1 1 1
P1 r,ry, ..., Iy
2 2 2
02 r{,ri, ..., T,
Om S LR v
Table 2:

As in the analytical case, we compute the possible loci of reference points in
parameter space from edge point data and increment the parameter points in the
accumulator array.

An edge point(z, y) with gradient orientatior constraints the possible refer-
ence points to be at

Te = x + rcos(a(9))
ze =y + rosin(a(p))

The Hough transform is relatively unaffected by gaps in curve and noise. It is

(9.23)

simple to implement but its application is limited because of its excessive require-
ment for memory and computation time especially as the number of parameters
increases. In the case of detecting a line, we have two parameters, in the case of
circle three, but in the case of detecting a shape with no analytical expression, there
are as many parameters as number of points to match. Biologic anatomic structures
have usually complex shapes with no analytical expression. The Hough transform
is, therefore, not well suited for segmenting anatomic structures.

As it was mentioned earlier, boundary templates with more degrees of freedom
were proposed by Staib [47] to detect objects in medical images and [15] used
both boundary strength information and region homogeneity to match the templates.
Cootes [25] proposed an approach which is based on learning shapes from training
data. He used a point distribution model to describe the curve.
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All these models are parametric, in the sense that few parameters are used to
describe the contour. As in the case of snakes, the applicability of the p parametric
deformable models is limited because the shapes under investigation have to be
rather smooth and well-defined if few parameters are used to capture the shape. In
many segmenting anatomic structures, this is often not the case.

These parametric models are, however, often used in the literature and give sat-
isfactory results in a number of applications. We will, therefore, take a short look at
the principles behind them.

9.2.2 Parametrically Deformable Models

When referring to parametrically deformable models, two notions are often con-
fused with one another. All deformable template models are parametric in the sense
that we use a set of parameters to deform the original template (scaling factor, an-
gle of rotation, local deformation parameters such as number of frequencies in the
Fourier series based deformation). On the other hand, not all deformable templates
are parametric in the sense that the original template is represented in the paramet-
ric form (spline nodes or Fourier descriptors). One of these was developed by Staib
[47] and applied to medical image segmentation. We will take a short look at the
idea behind this model.

The shapes are parameterized using Fourier descriptor parameterization

[x(t)] _ [a[)] N i [ak bk] [c?s(kt)] (9.24)
y(t) col| 1= |ew di| |sin(kt)

which is the the Fourier series representation discussed in section 4.5. The mod-
el was fitted to the images by optimization in the parameter space.

Let /(z, y) denote the data in an image, anf, y)is an image template corre-
sponding to a particular value of the parameter vegt®hat we want, in terms of
probabilities, is to evaluate the probability of the template given the image, denoted
by P(t,|I), and find the maximum over. This will give us the most probablg
based on the prior information and the image information. Using Bayes rule, we
have

I]t,) P(ty)

P(tmas|I) = mgxP(tpH) = m}gmp( P (9.25)

Wheret,,,; is the maximum a posteriori solutiof,(t,) is the prior probability of
the template and’(I|t,) is the conditional probability of the image given a tem-
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plate. P(I) is the prior probability of image data and it is equal forzallTherefore,
we can eliminate it and calculate the log-likelihood

L(I,tmes) = maxL(I,t,) = max [InP(t,) + InP(I|t,)] (9.26)

The functionL is the general form of the objective function that will be optimized
to find the maximum a posteriori solution.
What we need to calculate, is the likeliho#q!|t,). If we consider the image
I to be noise corrupted version of one of these templates with noise that is indepen-
dent and additive

I=t,+n (9.27)
then
P(Ity) =P(I =t,+nlt,))=P(I=t,+n)=Pn=1—1t,) =P(n) (9.28)
The noise at each pixel is
n(z,y) = I(z,y) — ty(z,y) (9.29)

Since the noise is independent from pixel to pixel, we have
P(I|t,) = P(n) = | | P(P(n(z,y)) (9.30)
I

We assume that (explained in section ()) the noise is Gaussian with zero mean and
standard deviation,,

1 (I @w)~tp(@w))?
Pt =] N (9.31)

I

The objective function is then

2
L(I,t,) = InP(t,) + 2 In \/%Gn - 2}: Uz y) 2_0;:’(“””’ v) (9.32)
This is the maximum a posteriori function for images with assumption of indepen-
dent Gaussian noise at each pixel.
Since it is the boundaries we are interested in, we formulate the objective func-
tion in such a way that we calculate the match only along the boundary of the
template instead of the whole template image: If we now assuméthat)) is the
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image obtained by applying an edge detector to a raw image, the objective function

becomes
1
L(I,t,) =InP(t,) + Y In Nors

(9.33)
+ | Y B (wy) + > (=2B(, y)ty(x,y) + (2, )

whereb, is the boundary defined Ky (p), y(p)) in templatet,. Since th templates
is often a binary image, it is has a constant magnitude along the curve

1 B*(z,y)
L(I,t,) =InP(t;) + lezn Voo zany
. 2 (9.34)

P

wherek is the magnitude of the template point. We remove the terms that do not
depend o andk? which does not vary significantly from template to template and
get

L(I,t,) = InP(t,) + % > Bz, y)k (9.35)
n o
This equation is the maximum a posteriori objective function
If we want to exploit all information present in the image, we can reformulate
the boundary to be a vector quantity, where the magnitude of a boundary is one
component while the direction (tangent) of the boundary is another component.
The correspondingy is now a function of position along the curve

k(:v,y):k[ 95 ] (9.36)

Ay(p,s)

ds

The edge imag® is a measure of both boundary magnitude and direction. There-
fore, equation () can be interpreted as vector valued and rewritten using the dot
product.

9.2.3 Active Shape Point Distribution Model

Cootes [25] suggested an active shape model which relays on representing objects
by sets of labeled points where each point is placed on a particular part of object.
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By examining the statistics of the positions of the labeled points, a Point Distribu-
tion Model is derived. The model gives the average positions of the points and a
description of the main modes of variation found in the training set. We will take a
closer look at the mathematics behind the model.

In order to model the shape, we represent it by a set of points. The chosen
points must be labeled on each shape in training set. The labelling of the points is
important. Each point represents a particular part of the object or its boundary and
therefore the points must be placed at the exact same locations on every training
example.

The modeling method works by examining the statistics of the coordinates of
the labeled points over the training set. In order to be able to compare equivalent
points from different shapes, they must be aligned in the same way with respect to
a set of axes. The required alignment is achieved by scaling rotating and translating
the training shapes so that they correspond as closely as possible

Once a set ofV aligned shapes is available, the mean shape and variability can
be found. We lek; denote the vector describing thepoints if theith shape in the
set

X; = (%’0, Yios Tity Yits - -+ 5 Tiky Yiks + -+ 5 Ti(n—1)» ?Ji(nq))T (9.37)

where(z;;, y;;) is thejth point of theith shape. The mean shape is calculated by

1 N
X = le (9.38)

The ways in which the points tend to move together are called the modes of varia-
tion. They can be found by applying principal component analysis to the deviations
from the mean. For each shape in the training set the deviation from the mean is
calculated as follows

dXZ' =X; — X (939)
The covariance matrix is calculated as follows

N
1 T
S = N ;1 dx;dx; (9.40)

The modes of variation of the points of the shape described by eigenviegtars
solution to the equation

Sby, = \by (9.41)
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where
b/ b, =1 (9.42)

Thekth vector effects théh point in the model by moving it along a vector parallel
to (dxy, dyg;) Which is obtained from thé&h pair of elements iy,

(dkxko, dkyko, Ce ,dkxkl, dkykl, C ,dkl’k(n_l), dkyk(n_l)) (943)

Any shape in the training set can be approximated using the mean shape and a
weighted sum of these deviations obtained from the firsbdes

x =%+ Pb (9.44)

whereP = (pi, pa, ..., p:) IS the matrix of first eigenvectorsand = (b, by, ... ,b;)
is a vector of weights, one for each eigenvector.
The eigenvectors are orthogonal

PP =1 (9.45)
which gives us
b =P7(x - x) (9.46)

The above equation allows us to generate new examples of the shapes by varying
the parameterb within suitable limits, so the new shapes will be similar to those
in the training set.

In order to generate “reasonably” deformed shapes from the mean, we have to
limit each element ob, b,. Cootes did this by examining the distribution of the
parameter values required to generate the training set. He assumed the Gaussian
distribution= of the parameters and chose a{$et. . . , b;} such that Mahalanobis
distanceD,, from the mean is less than a suitable valyg,..

t

b2
2 _ 2 : k 2
Dm - ()\k;> S Dmam (947)

k=1

It remains to find a method of adjusting the model to the object of interest. The
approach used in the methods discussed so far was to calculate an image potential
from th image intensity. Than, an objective function is defined incorporating the
image potential and the model parameters. The “best” match is achieved adjusting
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the parameters until the objective function is minimized. Cootes, on the other hand,
used a matching procedure proposed by Bailes and Taylor [] where the location
of model points in images is improved by incorporating each point’'s grey-level
environment into the model.

For every model point in each imageg, the profileg;; of lengthn, (pixels)
centered at the point, was extracted. Following Bailes [3], he chose to sample the
derivative of grey-levels along the profile in the image and normalize it. This gives
invariance to uniform scaling of the grey-levels and the addition of a constant.

If the profile runs fronpg.,+ t0 peng and is of lengt, (pixels), thekth element
of the derivative profile is

Gijk = Li(¥ige+1)) — L (Vige—1)) (9.48)

wherey;.is thekthe point along théth profile

k—1
Yik = Pstart + 7(pend - pstart) (949)
n, — 1
andI;(z,y) is the grey-level in imagg¢ at that point.
The profile is than normalized to
gl = ol — (9.50)
ke 9k |

For each point we calculate a mean normalized derivative profile

1 &

& = 3 D8 (9.51)
j=1

then, amp x n, covariance matrisS,, is calculated giving a statistical description

of the expected profiles about the point.

If we have a profile model for each point, the matching involves finding a nearby
region which best matches the profile model. At a particular point, we extract a
derivative profileg of some lengthi centered at the point and aligned parallel with
the normal to the boundary. We run then the profile model along this sampled
profile and find the point at the model best matches. In order to that best match, we

calculate the fit of the model at a poihas follows

foror(d) = (h(d) — g)"S," (h(d) — g) (9.52)

whereh(d) is a sub-interval of of lengthn, (pixels) centered ai. This is the
square of the Mahalanobis distance of the sample from mean grey level model and
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the normally distributed data is proportional to the log of the probability of obtaining
h(d) from the measured distribution of grey-levels. The valug,af; decreases as
the fit improves. The point of best fit is thus the point at whigh(d) is minimal.

9.2.4 Deformable Template Approach to Some Specific Applications

Lakshmanan and Grimmer [37] have developed a deformable template based method
for locating two straight and parallel road edges in images that are acquired from a
stationary millimeter-wave radar platform positioned near ground-level. They de-
veloped a robust and completely data-driven Bayesian solution to this problem. The
method is designed as following

1. Deformable template a priori models express the rigid geometric constraints
regarding the location of road boundaries

2. Two parameter log-normal models embody the relationship between the backscat-
ter characteristics of the roads and their sides and account for the noise char-
acteristics of the radar receiver

3. A posteriori density maximization algorithms are designed. They find precise
locations of road boundaries in an iterative manner.

The road detection problem is posed in the Bayesian framework where the de-
formable templates play the role of prior and the log-normal probability density
functions play the role of a likelihood. They exploited the geometric rigidness of
the object in interest and developed a priori model that is effective for the problem
at hand. In the same way, the likelihood model has been carefully designed for that
particular problem and it accounts for deterministic and random degradations asso-
ciated with the ground-level radar imaging process. The result is the model that can
be applied effectively to detection of straight and parallel road edges. It is however,
incapable of detecting curved or multiple roads.

Jolly [24] proposed a specific deformable template model with applications in
the domain of Intelligent Transportation Systems. They developed a model for seg-
mentation and classification of vehicles both from stationary complex background
and moving vehicles from in an image sequence. The model was formulated in a
Bayesian framework.
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This type of segmentation is is difficult due to the complex nature of the back-
ground. The background may contain other moving vehicles strong region bound-
aries that do not pertain to the vehicle of interest and the vehicle of interest is moving
on that complex background.

They gathered all available domain-specific knowledge and integrated it in the
segmentation model in order to improve it. These domain-specific constraint were

1. the object of interest is a vehicle

2. itis located in the lane closest to the camera
3. itis moving

4. its edges in the image are well defined

In order to design prototype templates, they studied a set of images containing typ-
ical vehicles and came up with a classification which categorizes vehicles into one
of the following classes: sedans, pickup trucks, hatch-backs, station wagons and
vans. For each one of these vehicle classes, they constructed a prototype template
as a polygon characterized by vertices. Because of the rather well-behaved geo-
metrical nature of the vehicle shapes and the fact that we see all vehicles from one
angle, they were able to represent the the templates with few vertices (up to ten).

When deforming the templates to match the variations among the vehicles, they
studied the interclass variability of the vehicles and designed a set of rules on the
template parameters (polygon vertices) to constraint the deformed shapes.

Furthermore, they integrated the motion information by preprocessing the im-
ages and extracting moving areas in order to make sure that the deformable template
was contained within these moving areas. This information was comprised in the
likelihood function which contained a motion detection term and an edge directional
term.

9.3 Deformable Template Model Proposed by Jain et.al

In this model, the prior shape information about the object of interest is specified as
a sketch of the boundary. The prototype template is not parametrized but contains
the boundary information in the form of a bitmap.

Deformed templates are obtained by applying a trigonometric parametric trans-
form as follows: Assume that the template is drawn on a unit sggias€g0, 1]%. It
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is locally deformed by mapping

(z,y) = (x,y) + D(z,y) (9.53)
where
M N ., I
D(x,y) = (D"(x,y), D" (z,y)) = > > {mnemn;r S (9.54)
m=1 n=1 mn

The functionD(z, y) is called the displacement function and it deforms the proto-
type template locally. The vectors

er (z,y) = (2sin(mnx)cos(mmy),0)
e (z,y) = (0,2cos(mmzx)sin(mny)) (9.55)

m,n=1,2,...

are the orthogonal bases that span the space of displacement functions. The param-
eters

E={(&,,&8,),mn=12 ..} (9.56)

mn’sSmn

are the projections of the displacement function on the orthogonal basis, and
Amn = am?(n? +m?) (9.57)

are the normalizing constants.

This continuous displacement function preserves the connectedness of the pro-
totype template. It also preserves the smoothness of the templateM/taerd NV
are not too large.

It should be noted that the length of the deformed template varies depending on
the deformation.

9.3.1 A Probabilistic Model of Deformation

Since not al the transformations result in a deformed template that visually resem-
bles the prototype template, we want to bias the templates obtained as a result of
these transformations. As all the prior shape information is contained in the pro-
totype template, we assume that this template exemplifies the most likely a priori
shape of the object. Small deformations (srigll, A/ andN) that leave templates
similar to the original shape are, therefore, more likely than large displacements.
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We impose now a probability density on the family of functions in () in such a way
that deformations generated using small values of the parameters have largest prob-
abilities. We assume that,, are mutually independent and Gaussian distributed
with zero mean and varianeé

iy ROA | €8n 2 +Ehhn”
PE) =[] P =[] €
m,n=1 m,n=1 (9.58)
I S SN (- ML
(2mo2)MN

The value ofo? reflects the confidence about the prototype template, with large
values ofo? allowing more deformation.

9.3.2 A Priori Probability Function

Let T, denote the prototype template. A deformation of the template is denoted by
T, 0.4, Wheres is the scaling factorf is the angle of rotationd = (d*, d¥) is the
translation vector angis a set of parameters that define local transformations

Topae(z,y) = To{s - [(x,y) + D(Ry(z,y))] + (d*, d")} (9.59)

where D is the displacement function given in () af(x, y) is the rotation of a
point by an anglé. Assuming that the parameters are mutually independent, we
have

P(s,0,d,¢) = P(s) - P(9) - P(d) - P(€) (9.60)

We assume further that transitions, rotations and scalings are equally possible. Such
an assumption is leads to a prior distribution that depends explicitly on the parame-
ters of local deformations while rigid deformations contribute with a multiplicative
constant
P(s,0,d,¢) = /ci(le?)MNe—ﬁ o (Erun ™€) (9.61)

This formulation of the a priori distribution favors deformable templates that have
a geometric shape similar to the prototype, regardless of its size orientation or loca-
tion.

Now, as we have a priori probability density function, we design a likelihood
function that specifies the probability of observing the input image, given a de-
formed template at a specific position, orientation and scale.
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9.3.3 Likelihood Function

In Chapter 10, we explained the maximum likelihood principle.

We have observed an imadeand defined a priori probability for the model
parameters. We wish to design a function that connects the observed image with the
a priori parameter model in form of a probability function. The likelihood function
proposed in this work is designed as a directional potential field. First, a potential
field is computed from the positions of the pixels in the image

O(z,y) = — PRI (9.62)

where (4., 0,) is the displacement to the nearest edge in the imagepanadhe
smoothing factor that controls the degree of smoothness of the potential field. This
is a function with that takes values in the interyall, 0). If a point lies on the
edge, the function has valuel. We would be therefore looking for the points that
minimize the edge potential function. We modify this function further by adding

it a directional component and design an energy function that a deformed template
T, 0.a,¢ to the edges in the input image

ETupaeT) = — 3 (1 +0(x,y) - |eos(B(x, 1)) (9.63)

nr

where the summation is over all pixels on the deformed tempiatés the number

of pixels on the template an¢lz, y) is the angle between the tangent of the nearest
edge and the tangent direction of the templateray). The constant is added for

the purpose of making the potential positive so that it takes the values between
and1.

If a boundary in the image and the template boundary agree in the direction, and
position, this function will have small values, so the goal is to minimize the energy
function in order to get a good match. It remains to convert this function into a priori
distribution over expected shapes, with lower energy shapes being more likely. We
have already studied this problem in Chapter 10 and will use the same approach as
in the statistical snake case. The Gibs distribution produces the following likelihood
function

P(I|s,0,d,€) = ae tTs0aeD) (9.64)

wherea is the normalizing constant.
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9.3.4 A Posteriori Probability Function

We use now the Bayes rule to obtain the a posteriori probability density function of
the deformed template given the input image

P(s,0,d,&|1) =

P(Is,0,d,£)P(s,0,d,€)
P(I)

(9.65)

M N 1 )
Clefg(Ts,(?,d,&’I) H H eiﬁ( fnn2+§$’nn ) —

2mo?
m=1n=1

Coe=ETotaeD) =0y il — 5z (€hn > +8hn)

2702

whereC; andC; are normalizing constants. We take the natural logarithms on both
sides of () and get

1
2mo?

M N
lnP(Sa 0,d, 5”) = InCy — E(Ts,(%d,& I) - Z Z ( Zm2 + 57%1712) (9-66)

m=1 n=1

We seek to minimize the following objective function with respect.té, d, £

M N
1
L(T I =&(T I E:E:H y 2 .67

( 5,0,d,&» ) 5( 5,0,d,6» )+ 27,[.0.2 ot n:1( mn +§mn) (96 )

10 Discussion

There is a considerable amount of approaches to active contour boundary estima-
tion, as we have seen through the work. When applying these models to specific
problems, one has to consider certain issues that are significant for the application
at hand. Generally we evaluate methods by their accuracy, compactness, robustness
etc. Since all methods have pros and cons, specific requirements of the application
weight some properties more than others. In the clinical and and research medical
imaging, we are concerned with following issues:

e Automation
Large scale applications requiring processing of large amounts of data from
many different patients makes automation one of the most important require-
ments. Full automation is still a scientific goal and none of the method-
s presented, can operate without some user interaction. In a situation like
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that, methods that require less specific-knowledge-knowledge-based interac-
tion than others, are preferred. It means that a method requiring specifica-
tion of some control points on one image in the image set, with acceptable
error-margins are preferred compared with methods requiring accurate spec-
ification of control points on several images. It is also important to note that
knowledge-based-specification is a somewhat ambiguous term. Both making
the medical expert specify mathematical model parameters (elasticity coef-
ficient, deformation variance etc.) and making the technical expert specify
strategically important points on an anatomic structure, are not desirable.

We have seen that the snake models require a specification of control points.
It is however a visual task that anyone can be trained to execute with satis-

factory results. Local specification of elasticity and rigidness parameters may

require more complicated software and some specific knowledge, but global

specification is easily implemented and done. Furthermore, if we have a set of
images that are registered (aligned according to some coordinate or landmark
system), the set of control points specified on one image can be used on the
rest of the images in the set.

Most of deformable template models discussed in this work, require much
more preprocessing. The most generic models, like the ones proposed by
Jain [17] and Staib [47], require drawing a sketch and specifying Fourier
descriptors for the original template, respectively. Jain’s method is certainly
the most generic one. Accept for an initial sketch and tuning the variance
of the Gaussian probability, which specifies the confidence about the original
template, no other user interaction is required.

Generality

The objects of segmentation in medical images (anatomic structures) are high-
ly variable, as opposed to objects in traffic monitoring or other rigid motion
tracking applications. Such strong and unpredictable variations in the shape
of the anatomic structures sets strong generality requirements.

Free form active contours (snakes) have necessary generality. They are ca-
pable of adapting to capture any shape since the only constraints imposed on
them are those of continuity and smoothness. They are not not constrained to
a limited shape space.
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None of the deformable template models have the generality which is com-
parable with that of snakes. That is of course rooted in the model nature.
Deformable templates are strongly constrained by a priori shape knowledge
and it is not allowed to take any arbitrary shape. We can however distinguish
between deformable template models of different degrees of generality.

The model proposed by Jain [17] has a high degree of generality since on-
ly a sketch of the object of interest is required. It can generated by visual
“copying” of the shape from an image containing the object. Alternatively,
we can specify control points along the boundary of the object using some
interactive software (such as the control point determination MATLAB pro-
gram implemented by the author) and then approximate them with a smooth
curve.

The models proposed by Staib [47] and Figueiredo [23] are general in the

sense that they are not hand-crafted for a specific problem. They are, however,
limited because they describe shapes by limited (preferably small) number

of parameters. As we have pointed out, anatomic structures are often too
complex to be accurately captured by a small number of parameters.

The models that are hand-crafted for some specific problems are of course not
general.

There is yet another type of models like the one proposed by Cootes [25].
These models are “tailored” for the problem at hand. They can be “tailored”
for any specific problem but they can not be automatically applied without
any preprocessing and training.

Accuracy

When images are not too noisy and objects do not overlap, snakes have a high
degree of accuracy, as it was shown in this work. As far as the implementation
of the snake evolution equation is concerned, the Fourier spectral method has
the best spatial accuracy. Problems arise when the object of interest overlaps
with another object. Alternatively it may have a “tail”, as in the case of corpus
calossum segmentation, which is a part of the object but we do not want to
include it in the result. Since the shape space snake contours is not limited,
the snake follows the potential function derived from the image.

This problem can be controlled to some extent by adjusting the parameters,
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as it was shown eatrlier.

Accuracy of the deformable template models depends highly on the degree
of deformation allowed by the model. Deformation models proposed by Jain

[17], produces a large number of deformed templates with both local and

global deformations. On the other hand, we have to impose a probability dis-
tribution on these templates to bias the templates that significantly resemble
the original template since many of the deformed templates are useless from
the practical point of view.

Deformation method proposed by Cootes [25] has given has shown good per-
formance. Other models mentioned in this work, deform templates in a rigid
and random way which is not always suited for medical images.

11 Conclusion

The complexity and variability of anatomic structures, poses many challenging
problems for computer vision community in search for a good segmentation model.
Snakes have proven to be very attractive approach and have produced good result-
s in many medical imaging applications. Deformable templates proposed by Jain
[17], Cootes [25] and Staib [47] are the ones that posses properties significant for
applications in large scale medical imaging applications.

However, continued development, improvement and refinement of these meth-
ods is an important research area with the goal of producing automated, accurate
and robust segmentation models.
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