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The project deals with the initial value problem for nonlinear wave equations

utt −∆u = F (ut,∇xu,∇2
xu), t ∈ R, x ∈ Rd. (1)

Here the unknown is a function u = u(t, x), and F is a given smooth function
vanishing to at least second order at the origin (meaning that F and its first order
partial derivatives vanish there). This type of equation arises in a variety of physical
problems involving wave propagation. Given initial data at time t = 0,

u(0, x) = εf(x), ut(0, x) = εg(x), (2)

where ε > 0 is a parameter, and f and g are assumed to be smooth and compactly
supported on Rd, the following questions are considered:

(i) (Local existence.) Does there exist a smooth solution u(t, x) to (1), (2) on
[0, T ]× Rd for some T > 0? Is the solution unique?

(ii) (Long-time/global existence for small data.) If the answer to the first
question is yes, then what can be said about the life span Tε of the smooth
solution as ε tends to zero? By the life span we mean the supremum of
T > 0 such that (1), (2) has a smooth solution on [0, T )×Rd. If Tε = +∞,
we say that the solution exists globally.

(iii) Moreover, one may investigate to what extent the answer to the previ-
ous question depends on the structure of the function F and the space
dimension d.

The local existence (i) is classical. An exposition can be found, for example,
in the monographs [1, 6]. The typical way to prove local existence is by Picard
iteration, making use of energy methods and Sobolev inequalities, and the first
step will be to familiarise oneself with the techniques involved. The small data
problem (ii), (iii) was considered in [2, 3, 4, 5], and is discussed also in [1, 6]. The
intuition is that as ε tends to zero, the solution should in some sense approach the
zero solution, which of course extends globally, and therefore one expects that Tε
tends to infinity.

It is a good idea to start with the semilinear case, where F = F (ut,∇xu). If
F vanishes to p-th order at the origin (p ≥ 2), then by a Picard iteration one can
show Tε ≥ c

εp−1 , where c > 0 is a constant independent of ε, just by using (i) the
energy inequality

‖∂u(t, ·)‖L2(Rd) ≤ ε
(
‖∇f‖L2(Rd) + ‖g‖L2(Rd)

)
+

∫ t

0

‖G(s, ·)‖L2(Rd) ds (3)

for the linear wave equation utt −∆u = G(t, x) with data (2), and (ii) the Sobolev
inequality

|f(x)| ≤ C
∑
|α|≤N

‖∇αf‖L2(Rd) (N > d/2). (4)

The next step is to try to improve the lower bound Tε ≥ c
εp−1 . This can be

achieved by making use of dispersive properties of the free wave equation

utt −∆u = 0.
1
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In fact, due to waves spreading out in different directions, a solution to this equation
with smooth and compactly supported initial data has the decay

|u(t, x)| ≤ C

(1 + |t|) d−1
2

,

and it is not unreasonable to expect that the solution to (1), (2) has the same
property when ε > 0 is sufficiently small. This is indeed the case, as shown by
Klainerman [4], who proved a replacement for the Sobolev inequality (4), for a
function u(t, x) on space-time, capturing the above decay property. This involves
extending the Sobolev norm on the right hand side of (4) to a larger sum over a
Lie algebra of vector fields generating the full Poincaré group plus the space-time
dilation, instead of just using the translational vector fields ∂xj

. These vector fields

have favourable commutation properties relative to the wave operator ∂2
t − ∆,

allowing to use the energy method in combination with the generalized Sobolev
inequality.
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