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Courcelle; S Theérem

=

Theorem (Courcelle, 1990)
Every problem definable in monadic second-order logic ( MSO) can be decided in linear time on graphs of
bounded tree-width.

In particular, the 3—colorab1hty problem can be solved in linear time on graphs of bounded
tree-width. ~

Model-checking monadic second-order logic (MSQO) on graphs of bounded tree-width is fixed-parameter
tractable.



Monadic second—brderibgic

=

MSO is the restriction of second-order logic in which every second-order variable is a set variable.

A graph G is 3—cglorab1é if and only if

e

G = 3Xi3X,3Xs (\m V XiuAve A =XuAXju) -

1<i<3 1i<j<8

S - AVuvv (Euv — /\ ﬁ(Xiu/\Xiv))> :

1<i<3

MSO can also characterize Sat, CONNECTIVITY, INDEPENDENT-SET, DOMINATING-SET, etc.



Can we do better than linear time?

=

Constant Parallel Time = ACO—Cifcuits.

A family of Boolean circuits (Cy, ) are AC"-circuits if for every n € N

neN

i

(1). Cn computésv a Boolean funption from {0,1}™ to {0, 1};
(ii) the depth of C,, is bounded by a fixed constant;

(iii) the size of C,, is polynomially bounded in n.




AC? and parallel cdmputéﬁon

-

AC-circuits ] = parallel computation
# of input gates length of input =
1= depth # of parallel computation steps r

= ~#of parallel processes



ACY andvtlé)gic

-

Theorem (Barrington, Im‘mermran and Straubing, 1990)

A problem can be decided by a family of dlogtime uniform AC°~circuits zf and only if it is deﬁnable in
first-order logic (FQ).with arithmetic.

For our purpose, it suffices to know the easy direction that every problem definable in FO can be
computed by AC’-circuits.



The failure of Courcelle’s Theorém fof ACO

-

Using [Beame, Impagliazzo, and Pitass, 1998]:

Theorem

There is a class K oﬁgmp!hs of bounded tree-width (even bounded path—width) and an MSO-formula ¢ such
that model checking @ on K cannot be solved by AC ~circuits.



Our rééults

-

Theorem (C. and Flum 2018)
On graphs of tree-depth < d every problem definable in MSO can be decided by ACO-czrcuzts of depth O( ).

Model-checking MSO on gmphs of bounded tree-depth is in para—ACO

Theorem (C. and Flum,’2019) S
On graphs of bounded shrub-depth every problem definable in MSO can be decided by AC -circuits.

Model-checking MSO on graphs of bounded shrub-depth is in para-AC".



Parameterized e

=

para—AC0 is an analog of ACY in the pararheferized world.

Definition (Bannach, Stockhusen, and Tantau, 2015)

A parameterized problem Q is in para-AC’ if there exists a family (C, ) of circuits such that:

n,keN
1. The depth of EVergr C,, « is bounded by a fixed constant.

2. |Cnil < f(k) -nOW for every n, k € IN. =

3. Let (x,k) € £* x N. Then ((x, k) € Q if and only if Cjx (x) = 1).

4. There is a TM that on input (1™, 1%) computes the circuit C,, . in time g(k) + O(logn).

Both f,g:IN — N are C(;mputable functions.



~ para-AC? and Vertex Cover

-

Theorem (Bémfach, Stockhuseﬁ, and Ta,ntau, '2015)7
The parameterized vertex cover problem is in para-AC’.

Theorem (C:, Flilm,,and Huang, 2017)
For every fixed k € IN the k-vertex-cover problem can be solved by AC-circuits of depth at most 34.



Tree—dépth

=

The tree-depth of a graph G, introduced by J. NeSetfil and P. Ossona de Mendez in 2006, measures
how G is similar to a star.

The following are equiyalent for a class of graphs K.
1. Khas bounded tree-depth.
2. Every graph in K has a tree-decomposition of bounded width and bounded depth.
3. There is a constant d € IN such that every graph in K contains no path of length > d.



Shrub—dépth

=

The shrub-depth of a graph class, introduced by R. Ganian, P. Hlinény, J. Nesetril, J. Obdrzélek, P.
Ossona de Mendez, and R. Ramaduraiin in 2012, as an extension of tree-depth to dense graphs
similarly as clique- w1dth is an extension of tree-width to dense graphs.



Shrubs are perennial woody plants, and therefore have
persistent woody stems above ground (compare with
herbaceous plants)., Usually shrubs are distinguished
from trees by their height and multiple stems.

— Wikipedia




dense S

sparse tree




Spérse gfeiphs

A graph G = (V(G), E(G)) is sparse if the number [E(G)| of edgesiin G is linear in terms of the
number [V(G)| of verticesin G.

Trees.

Graphs of bounded tree-width.

Planar graphs.

Graphs excluding a fixed minor.

1 gk i D

Graphs of bounded expansion.



From sparse graphs to dense gfeiphs

=

Let G be a sparse graph. Then its complement

= e (V(G), (V(ZG)> \E(G))

is dense. 4 s

The edges of G¢ can be defined by FO-formula

edge(x,y) =x #y A —Exy.

So one natural strategy is to obtain dense graphs by FO-interpretation of sparse graphs, which is
computable by AC -circuits.



From sparse graphs to dense gféphs

-

G E3xFykxy <<= GE3IxJyx#yA—Exy).

LetKbaa sparse graph class and I an FO-interpretation. = =

&K Tt 5K

! |

GEe' ——1IG Eo



From trees to shrubs

-

1. First we define the :class TreE[m, d] of trees of depth d with m labels.

2. Using a signature D any T € TReE[m, d] can be transferred to a shrub G.



>TREE[AT‘TL, d]

TreE[m, d] is the class of rooted trees with m labels and of depth d: 5

1. every root-to-leaf path has length d,

2. every leaf t is labelled with a color in c(t) € [m].

A rooted tree in TREE[3 2

e / /\ N,




Tree rﬂodel

=

Definition . :
A tree-model of m labels and depth d of a graph G is a pair (T, D) of a rooted tree T € Treg[m, d] and
a signature

DC{L,2,..., mPx{24,..,2 d

for some h > d such tHat
1. foranyi,j € [m]and s € [d] if (i,j,s) € D, then (j,1,s) € D,
2. V(G) = leaves(T),

3. E(G) = {{,v} | w,v € V(G) and (c(w), c(v),dist" (w,v)) € D}.



-
=

Exarﬁples
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almost complete bipartite graph Bs 5



| Shrub—dépth

-

Definition :
TM,, (d) is the class of graphs with a tree-model in Tree[m, d].

Definition i = = =
Let K be a class of ‘graphs. Then K has shrub-depth d, if :
1. KC TM,,(d) for forsome m € N,

2. K¢ TM,,/(d = 1) for for every m’ € IN.



| Examples

=

1. The class of complete graphs has shrub-depth 1.
2. The class of complete bipartite graphs K, , has shrub-depth 1.
3. The class of ahﬁést complete bipartite graphs B, ;, has shrub-depth 2.

4. The class of trees of depth d has shrub-depth d.



: The fésult

=

Theorem

Let K be class of graphs of bounded shrub-depth. Then model-checking MSO on K can be computed by
parameterized ACY, czrcuzts

In particular, the 3-c010rab111ty problem can be solved in constant parallel time on graphs of
bounded shrub-depth.



The technical Chaliénge

=

3= = BEp IS G g

The difficulty is to, compute

The square graph G? of G has V(G?) := V(G) and
E(G?) := E(G) U{u, v} | {u, w},{w, v} € E(G) for some w}

Theorem (Motwani aﬁd Sudan, 1994)
G? + G is hard for NP.



Our technical road map

=

. The boundedness ; shrub-depth is equivalent to the boundedness of SC-depth, i.e.,
subset-complementation depth.

. Logic definability:of SC-depth and SC-derivation. =
. From any SC-derivation we can compute a tree-model by AC’-circuits.

. On the tree-model, we can evaluate any MSO-formula ¢ by AC’-circuits.






Edge ﬂiﬁf‘;ing

=

Definition : — :
Let G = (V(G), E(G)) be a graph and S C V(G). We obtain G* by flipping the edges within S. More
precisely, = =

the S VI(GS) = V(G)
E(G%):= {fu,v} €E(G) |ugSorveSs}
U{{u,v} ¢ E(G) |u#vandu,ve S}.



An exahhple

=

For every i € [n] let G; be a graph consisting of the edge {a;, b;}.
T Se =~ tnt —
2 Sb-Z: {b],. S .,bn}.

3. S:={ay,by,. 2 an, bak

Then ==
s

(((Gl G0 Gn)sa)sb)

is the almost complete bipartite graph B, ».



"SC-depth

=

Definition : —

1. SC(0) is the claés of graphs whose vertex set is a singleton.

2. Assume Gy,...,Gm € SC(d) with pairwise disjoint vertex sets, and S € V(G1) U --- U V(Gyy,).
Then ;

oo Ge (GiU -+ UGy)® €SC(d+1).

Definition
The SC-depth SC(G) of G is the minimum d with

G € SC(d).



L e e A

2 aef)‘thf







Recall: -~
Definition

1. SC(0) is the class of graphs whose vertex set is a singleton.

2. Assume Gy, ..., G, € SC(d) with pairwise disjoint vertex sets, and S C V(G1) U --- U V(Gy).

Then == > X
g GG(GlU---UGm)SGSC(d-l—l).

Theorem (folklore)
SC(4) is definable in MSO. That is, there is an MSO-formula ¢ 4 such that for every graph G

GE@eqsg <<= GeSC(d).

MSO



FO definability of SC—dépth

-

We have developed some sophisticated combinatorial machinery tailored for FO. 5

Theorem (FO approximation)
Let d > 1. Then, there is a constant h > d and an FO-formula ¢ 4 such that for every graph G

1. if G € SC(d), then G = @q;

2. if G k= g, then SC(G) < h.

Remark
The complexity of ¢ q is astronomical. The quantifier rank of @3 is at least

250 98- 102"

Thus @3 cannot be written down within the known universe.



FO definability of SC-derivation

-

Recall:

Theorem = =
SC(d) C TM,a(d), i.e., every graph G € SC(d) has a tree-model in Tree[2¢, d].

Theorem 44
Letd > 1. Then there is a constant h > d and an FO-interpretation 1 such that for any ordered gmph (G, <)
with SC(G) <

1(G, <) is a tree-model of G in TReg[2", hl.

In other words, a tree model of G can be computed by AC°~circuits.



Where are we now?

=

1. Any class of graphs K of bounded shrﬁb-depth is contained in some SC(d).

2. Thereis an h > d and an FO-interpretation I; such that for every G € SC(d) we have

Ti=1;(G, <) € Tree[2-h]
3. There is an FO'—iritérpretation I, such that

BT =G

Theorem (C. and Flum, 2018)
Model-checking MSO for Tree[m, d] can be computed by parameterized AC’-circuits.



Model-checking MSO for graphs of bounded shrub—dépth

=

Let Kbe a class of graphs ofrb(;unded shrub-depth. =
1. G e K CSC(d).

2. T:=11(G, <) € Tree[2", h], where < is an arbitrary ordering. Thus, T can be computed by
AC circuits, 5

3. I,(T) = G. THus; for any MSO-sentence @

GEe «— TE ol

4. Checking T |= @2 can be done by parameterized AC -circuits, given T and 2.
5. Checking G E @, i.e., 1;(G, <) = ¢ can be done by parameterized AC —circuits, given G and ¢.



‘Model-checking MSO for graphs of bounded shrub—ciépth

-

Let Kbe a class (;f graphs of bounded shrub-depth.
Theorem g '
Model-checking MSO on K can be computed by parameterized AC° circuits.



Conclusions

=

1. Model-checking MSO on graphs of bounded shrub-depth (hence also tree-depth) is in para-AC’.

2. The main techmcql tool is a combinatorial characterization of SC-depth which is defmable in
FO, with enofmous hidden constants. Can we do better?

3. The next step is to extend our result to graphs of structurally bounded expansion.
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