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Separating a monomial ideal



Polarization



Stanley-Reisner correspondence



Simple separation



Separation, polarization and separated models

J is a separation of I it is obtained by a succession of simple

separations.

J is a separated model (of I ) if it cannot be further separated.

J is a polarization of I it is:

a separation;

squarefree.
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Power of maximal graded ideal
Three variables

I = (x , y , z)2 = (x2, xy , xz , y2, yz , z2) ⊆ k[x , y , z ].

Two distinct polarizations:

J1 = (x1x2, x1y1, x1z1, y1y2, y1z1, z1z2) ⊆k[x1, x2, y1, y2, z1, z2]
J2 = (x1x2, x1y2, x1z2, y1y2, y1z2, z1z2) ⊆k[x1, x2, y1, y2, z1, z2]
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Two polarizations
Three variables



Polarization
Artinian monomial ideal, two variables



Conjecture
Polarizations of Artinian monomial ideals

Almousa, Fløystad, Lohne, JPAA, 2022

Any polarization of an artinian monomial ideal ⊆ k[x1, . . . , xn] is a
triangulation of a ball.

Shown for standard polarizations (S.Murai, JCSA)

Shown for n = 3 (Almousa, Fløystad, Lohne, JPAA, 2022)

Shown for letterplace ideals (D'Ali, Fløystad, Nematbakhsh,

TAMS, 2019)

By a result of A.Björner: Enough to show:

Any polarization of an artinian monomial ideal is shellable, or

even weaker:

Any polarization of an artinian monomial ideal is constructible
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Example
Separation and join



Triangulation of heptagon



Polarizations of second power of graded maximal ideal
Bijection with trees



Stacked simplicial complexes

De�nition (Stacked simplicial complex)

Let X be a pure simplicial complex

Order facets F1,F2, . . . ,Fm. Let Xp subcomplex generated by

F1,F2, . . . ,Fp.

If each Xp can be obtained from Xp−1 by attaching Fp to a single

codimension one face of Xp−1, then X is a stacked simplicial

complex.
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How to get stacked simplicial complexes
Separating and joining



Independent vertex sets

De�nition

Let G be a graph with vertex set V . A subset W ⊆ V is an

independent vertex set if there is no edge with both vertices in W .
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Regular subspaces

T a tree with vertex set V and edge set E .

By previous construction we get ideal I (T ) in k[xE01 ].

〈xe0, xe1〉e∈E be the linear space generated by the variables.

A subspace L ⊆ 〈xe0, xe1〉e∈E with a basis of variable

di�erences, is a regular subspace if this basis is a regular

sequence for
k[xE01 ]

I (T ) .
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Quotients
Fløystad-Orlich, 2021

Theorem

Regular linear spaces for k[xE01 ]/I (T )
1−1←→ partitions of the vertex set of V .

Theorem

Regular linear spaces for k[xE01 ]/I (T ) giving squarefree quotients
1−1←→ partitions of the vertex set of V into independent vertex sets
1−1←→ partitions of the edge set E

Theorem

Regular linear spaces for k[xE01 ]/I (T ) giving triangulations of balls
1−1←→ partitions of the edge set E into independent vertex sets
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Tree of heptagon



Partitions



Separate and join variables
Underused

X a simplicial complex

Can its Stanley-Reisner ideal be:

separated

joined?
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Examples



Structural insight



Conjecture
Polarizations of Artinian monomial ideals

Almousa, Fløystad, Lohne, JPAA, 2022
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Stockholm

Thank you!
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